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Abstract

With the advent of precision cosmology and the next generation of telescopes and sur-
veys, observations will allow the standard cosmological model to be tested in old and
new regimes with unprecedented accuracy, and the data will demand accurate the-
oretical models of cosmological phenomena in order to be properly interpreted and
processed. Theorists are reassessing old and new probes that allow the current cosmo-
logical paradigm to be tested to its limits. One promising new probe, the measurement
which is one of the main objectives of the ELT ANDES spectrograph, is the cosmic
redshift drift.

One of the theoretical predictions of cosmological models based on Robertson-Walker
metrics is the cosmic redshift drift, which measures the real-time rate of change of the
spectra of far away sources, and is a generic consequence of cosmological models where
the expansion rate is non-constant. Its observation provides a model independent way
to measure the time variation of the Universe’s expansion and as such, an independent
test of the late-time acceleration phase of the Universe and the existence of a cosmo-
logical constant.

In this thesis we study the redshift drift in realistic cosmological models containing
inhomogeneities in the ACDM paradigm. We derive for the first time a gauge-invariant
expression for the redshift drift and its power spectrum, and implement the redshift drift
fluctuation power spectrum numerically through Einstein-Boltzmann codes and using
n-body simulations, providing a solid theoretical foundation for future measurements
and observations of the redshift drift in ACDM cosmology and beyond.




Resumo

Com o advento da cosmologia de precisao e da préxima geracao de telescépios e lev-
antamentos, observacoes permitirao que o modelo cosmolégico padrao seja testado em
novos e antigos regimes com uma precisao sem precedentes, e os dados exigirao mode-
los tedricos precisos de fendmenos cosmoldgicos para serem devidamente interpretados
e processados. Fisicos tedricos estao reavaliando sondas antigas e novas que permitem
testar o paradigma cosmoldgico atual até seus limites. Um novo observavel promissor,
cuja deteccdo é um dos principais objetivos do espectrégrafo ANDES do Extremely
Large Telescope, é a variagao do desvio césmico para o vermelho.

Uma das previsoes tedricas de modelos cosmoldgicos baseados em métricas de
Robertson-Walker é a variacao do desvio césmico para o vermelho, que mede a taxa de
variagao em tempo real dos espectros de fontes distantes e é uma consequéncia genérica
de modelos cosmoldgicos onde a taxa de expansao nao é constante. Sua observacao
fornece uma maneira independente de modelos de medir a variacao temporal da ex-
pansao do Universo e, como tal, um teste independente da fase de aceleracao tardia do
Universo e da existéncia de uma constante cosmolégica.

Nesta tese, estudamos o desvio para o vermelho em modelos cosmoldgicos realistas
que contém inhomogeneidades dentro do paradigma ACDM. Derivamos, pela primeira
vez, uma expressao invariante de calibre para a variagao do desvio para o vermelho
e seu espectro de poténcia e implementamos numericamente o espectro de poténcia
das flutuacoes da variacao do desvio para o vermelho por meio de cédigos Einstein-
Boltzmann e usando simulagoes de n-corpos, fornecendo uma base tedrica sélida para
futuras medigoes e observagoes do desvio para o vermelho na cosmologia ACDM e além.
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CHAPTER 1.

Introduction

Cosmology is serious business and in our hearts we are nothing if not cosmologists, hanging in
a cold cage sifting the ruthless jewels of existence.
— Dennis Overbye

Cosmology was once described as a search for two numbers [1]: the Universe’s expansion rate at
present time Hy and its deceleration rate at present time gp. When Sandage made this claim, the
value of Hubble’s constant Hy was yet to be accurately measured, and the quest for an accurate
measurement was one he pursued for most of his life. 50 years later, cosmology as a science is
described by more than 2 numbers and the ACDM paradigm provides a consistent if incomplete
history of the cosmos from photon decoupling to today and at scales ranging from the observable
Universe to galaxy clusters. Measuring its six parameters with growing accuracy is one of the
main scientific endeavours of the 21st century and has led to paradigm changes from particle to
astrophysics.

The search for accurate measurements of the cosmological parameters brought Cosmology to
its so called precision era, where scientists have access to huge amounts of data from different
observations and are able to measure the parameters of the standard ACDM without the need
to rely on a single method or observable. The current challenge, then, is not only to make sense
of this huge amount of data in a precise way, where measurements converge, but to discover
new observable quantities that will test the standard model to its limits, allowing us to verify
its most basic assumptions. With current and next-generation observations, purely theoretical
assumptions in the time of Sandage will not only be tested but measured: the cosmological
principle , the time variation of physical constants, the nonlinear formation of cosmic structures
and General Relativity itself will be tested in the next decade using cosmological observations
[2, 3, 4].

An important work in this era is both developing new cosmological observables to fully explore
the new data available and build synergy with already established probes of the standard cos-
mological model, and exploring new observational possibilities that allow us to test previously
unreachable theoretical predictions. The recent detection of a statistically significant cosmic
gravitational wave background signal was made 40 years after its theoretical prediction [5], and
demonstrates the importance of pursuing long term research programs to test already established
theoretical predictions. As observational capabilities develop, theory must follow in modeling cos-
mological phenomena to ever greater accuracy.

The redshift drift, first derived in the 1960’s by Sandage and McVittie [6, 7], is the theoretical
prediction that in generic expanding cosmological models, one should observe a time variation
of the redshift of distant sources, due to a non-constant expansion rate of the scale factor. As a
quantity whose definition relies only on derivatives of the scale factor, and is measured through the
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observation of the time variation of an object’s spectra, it is an intrinsically geometric observable,
and does not rely on prior assumptions on the Universe’s energy content or matter distribution.
As such, it provides an independent test of the late time acceleration of the Universe and a probe
into the Universe’s real-time evolution. A first measurement of the cosmic drift is one of the
main objectives of the ELT ANDES spectrograph [3], and in the past decades the theoretical
understanding of the redshift drift has been extended to include inhomogeneous and anisotropic
cosmological models [8, 9], where it was shown to be a possible test of cosmic homogeneity and
isotropy.

This thesis is an introduction to the state-of-the-art literature and research on redshift drift and
gives for the first time a fully gauge-invariant treatment of the redshift drift in realistic ACDM
cosmologies, which also allows us to derive the power spectrum of redshift drift fluctuations. This
gauge-invariant formalism clarifies the main contaminating effects in measurements of the cosmic
redshift drift and their scale and redshift dependencies, which allows one to accurately interpret
and model future observations of the redshift drift.

To further validate and check our theoretical predictions, we derive the redshift drift fluc-
tuations using both Einstein-Boltzmann codes and n-body simulations. The numerical imple-
mentation in Einstein-Boltzmann solvers provide a streamlined way to obtain the redshift drift
fluctuation power spectrum, ready for future cosmological inference and tests when data is avail-
able; and n-body simulations provide a first glimpse at future measurements of the redshift drift
from large scale surveys, giving a first estimate for the shot noise and variance in the observed
spectra, as well as a first probe into how nonlinear growth should impact linear predictions of
the effect, where constraining contaminating effects according to the survey’s capabilities will be
of utmost importance.

In chapter 2, we review the standard ACDM cosmological model, its predictions and the
mathematical formalism of cosmological perturbation theory and the power spectra of cosmic
fields.

In chapter 3 we detail both the theoretical and observational aspects of the redshift drift, the
Sandage-Loeb test and its importance as a test of the late time acceleration of the Universe,the
main observational programme to measure it, current plans for observations and forecasts and,
at last, extend the mathematical definition of the redshift drift to general spacetimes.

In chapter 4 we derive the main results of this work: the gauge-invariant expression for the
redshift drift in a perturbed FLRW cosmology and its fluctuations power spectrum. We derive the
fluctuation power spectra numerically using an implementation through the Einstein-Boltzmann
code CLASS, and discuss our results and its impact in the literature.

In chapter 5 we validate our results on the redshift drift fluctuation power spectrum through
n-body simulations using the gadget4 code, and compare our results to previous works using
n-body simulations to model a measurement of the redshift drift.

In the final chapter 6 we summarize our results, discuss their context in the current state of
the art and future lines of research.

The author and collaborators published during his PhD 5 peer-reviewed first author papers
and currently has a paper in preparation containing some of the results of this thesis [10, 11, 12,
13, 14, 15].



CHAPTER 2.

Relativistic Cosmology and ACDM

In this chapter we introduce the standard model of cosmology: its theoretical basis in General
Relativity, the FLRW metric and its perturbations; its main experimental tests and successes;
and, at the end, a discussion on the cosmological constant.

In doing so, we develop the mathematical formalism needed to make calculations involving
cosmological observables and predictions from cosmological dynamics and statistics.

We start with the Einstein Equations and the hypothesis leading up to the FLRW metric and
the Friedmann equations. We then define the main physical quantities that can be observed and
predicted just from the background metric and the energy content of the Universe. The pillars
of the standard cosmological model which can be derived purely from the background dynamics
are detailed.

Secondly, we develop perturbation theory on the FLRW metric and explain the existence of
structure in the Universe from the fluctuations on the curvature and energy fields arising from
these perturbations. Two of the greatest success of the inhomogeneous cosmological model, the
Cosmic Microwave Background Power Spectrum and the formation of structure in the Universe,
are discussed

Finally, we discuss some of the ACDM shortcomings and tensions, as well as future perspectives
in standard cosmology.

2.1. Background Dynamics

Any general relativistic treatment of physical phenomena starts with Einstein’s equations

1
R, — QRQW = KT, (2.1)

relating the dynamics of a spacetime, characterized by a pseudo-Riemannian manifold (M, g,.,)
to its stress-energy content, characterized by the stress-energy tensor field 7}, defined on the
manifold M. & is Einstein’s gravitational constant. One can postulate a matter content in
the right-hand side and obtain the corresponding manifold satisfying the equations with proper
boundary conditions, or one could start with a manifold with metric g,,, and derive the dynamics
of the energy content 7}, on this given manifold.

Solving these equations, either starting from the left side or the right is a notoriously difficult
problem in generality due to their nonlinear nature, and there is a vast literature on the classifi-
cation of manifolds and stress-energy tensor fields satisfying them [16]. Usually, in describing a
physical system through Einstein’s equations one starts with simplifying assumptions on the sym-
metry of the spacetime. In the case we are interested in, that of cosmology, these assumptions,
based on general physical principles, are the Cosmological principle and the Weyl Postulate.
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Suppose we want to describe our Universe by a spacetime and its dynamics by Einstein’s
equations. We start with the Cosmological principle, which states that as observers we do not
occupy a special place in the Universe, and that at large enough scales, any two observers should
measure the same properties of the Universe. Mathematically, this is equivalent to the statement
that the metric is invariant under translations and rotations.

The second assumption, Weyl’s postulate, states that the worldlines of galaxies are a bundle
of geodesics, such that at each point in time, except for possibly one point, called the Big Bang,
there is a space-like hypersurface intersecting each of these geodesics exactly once. Physically,
this means we have an injective time coordinate for all of the observers, except possibly at the
origin.

With these two assumptions, the line element of the resulting metric is [17]

k

2
ds* = —cdr? + (Cb(ﬂ) da'da;, (2:2)
+ Zflfzxi

called the FLRW metric. The function a(7) is the scale factor, measuring the expansion of
the cosmological model, and the parameter k is the curvature parameter of the 3 dimensional
Riemannian manifold of constant curvature, the three-dimensional space of observers. ¢ is the
speed of light.

In order to have a dynamical cosmological model with energy content, we also need a stress-
energy tensor. We assume that this tensor is the one of a perfect fluid, which can be written
as

T;w = (/0 + %) UpUy + PGuws (2'3)

where u,, is the fluid’s 4-velocity vector, p is the fluid’s pressure, and p its density. The metric
guv in this case is the FLRW metric (2.2). We know from statistical physics the equations of
state for dark and baryonic matter, modeled as dust, and radiation, modeled by a photon gas,
the main energy components of the Universe. We can write them as

w=0 for matter particles,

w = —% for radiation .

With both sides of (2.1) set, we can derive our cosmic dynamics through the solution of the
resulting differential equations. In the case of the metric (2.2) and the stress-energy tensor (2.3),
we find that the dynamical system reduces to a pair of linearly independent differential equations
in time, namely the Friedmann equations

. 2 2
a\" _ RN~ s(w) K
<a> 3 pia 3 (2.5a)
. 2
a KC _ Wi
<a) = =3 D (pia™) 4 3py), (2.5b)

where "denotes derivative with respect to the cosmic time coordinate 7, the indexes ; run through
the energy components in (2.4), which we label p, for radiation and py, for matter from now on,

and w; is constant. We also have the redefined curvature parameter K = %.
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Models of the size of the universe over time
2

present time

present size

relative size of universe
—

%220 \ 10\~ 0 +10 420
beginning of time time from present end of time
(billions of years) (closed universe)

All models use current best estimate for expansion rate
(H= 71 kilometers per second per megaparsec).
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Figure 2.1.: Evolution of the scale factor as a function of time for different cosmologies. The red
line shows the evolution for a perfectly flat Universe with no matter content, K = 0,
Pm = Perit- The purple line shows a Universe that collapses (going to a Big Crunch)
due to the amount of matter density pn,, = 6pcit- The green curve shows the old
CDM model, where the only energy component relevant at current time is matter,
and the blue curve is the concordance ACDM model. Taken from

The background dynamics of the Universe, meaning its dynamics at the largest scales, are fully
described by equations (2.5a, 2.5b). From these equations, one can obtain the evolution of the
scale factor and its rate of change, given by the Hubble parameter

i
H=-, 2.6
. (2.6)

as well as how the distribution of matter changes in the Universe given by the time dependence
of pi(1). We plot the evolution of the scale factor for different cosmologies in figure 2.1, where
we use dimensionful quantities and a Hubble constant value of Hy = 71km/s/Mpc.

It is useful to define the density parameters for the different energy contents of the Universe,
written as fractions of the critical density, the energy density observed today at time 79 at which
the Universe would be perfectly flat, with K = 0. By denoting quantities measured today with
the underscore (, the critical density peit, we have

3H; pi
I P 2.7
Perit e i et ( )

where we have written explicitly the Einstein gravitational constant, defined by


https://www.britannica.com/science/cosmology-astronomy/The-Einstein-de-Sitter-universe
https://www.britannica.com/science/cosmology-astronomy/The-Einstein-de-Sitter-universe
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81G
= i 2.8
= (28)
With these definitions, can conveniently write the first Friedmann equation as
H?>=Qma 34+ Qa ™t + Qra? = Z Qi(a), (2.9)

param.

where we have also defined the Curvature density parameter (g, which is the ratio of the
curvature term in (2.5a) by the critical density, and did not include yet the cosmological constant
term.

The density parameters as a function of the scale factor €2;(a) are then the fraction of the total
energy content for each component ; at the moment a(7).

2.1.1. Redshift and Hubble-Lemaitre law

Suppose an emitter sends a signal at 7 = 79, which is then received by an observer at 7 = 7.
Due to the evolution of the scale factor a(7), this signal suffers a modification of its wavelength.
Let A\g be the wavelength at the emitter and A; the wavelength at the receiver. Then we have

At 611 a(m)
A =cd1g, A =c01] = — =— = , 2.10
0 €070 ! con Ao 57’0 CL(7'1) ( )
where we used the line element (2.2) of a signal in the last equality. By setting the scale factor of
the observer a(7y) = ag = 1, we can write the change in the wavelength in terms of the redshift z

Ao 1

N a 14 2. (2.11)
The redshift z is a measurable quantity, being the amount of frequency change in the spectra
emitted by distant sources, and thus probes directly the evolution of the scale factor ¢ and the
Hubble parameter H. The relation between the redshift zg of a distant source and the Hubble
constant Hy is given by the Hubble-Lemaitre law. Suppose a source with peculiar velocity vpec
is observed at distance r and has a measured redshift zg. Then the total velocity v at which the
source is receding from the observer is

v = (asr) + Vpec = Hor + Upec
= czg = Hor + vpec
Upec Upec/cK1 Ho?“

— 25 = Hy- + -~ - (2.12)

where we have used the relation v = czg, obtained directly from the definition of the redshift,
and the distance from source to observer r is given by the integral of the line element (2.2).

If the Universe is expanding, that is, dg > 0, then the Hubble-Lemaitre law states that the
receding velocity of distant objects is proportional to their distance to the observer and the
Hubble constant. The first experimental measurement of this law was famously done by Hubble
[18], and its theoretical interpretation as indicating that the Universe was modeled by the metric
(2.2) with an increasing scale factor is due to Lemaitre [19]. Together, these formed the basis for
the current understanding of a dynamical, expanding Universe.



Relativistic Cosmology and ACDM Section 2.2

2.2. The ACDM model

The experimental observation of the Hubble-Lemaitre law solidified the dynamical cosmological
model of a currently expanding Universe, with dynamics governed by the Friedmann equations.
To get from the first observation of an expanding Universe to the current concordance model,
there was a massive technological and theoretical undertaking, where different observations and
theoretical predictions converged to the simplest model able to account for all the different
cosmological phenomena: the ACDM model.

In this section we list and comment on the fundamental observations and theoretical predictions
that together form the basis of the ACDM model.

2.2.1. Big Bang Nucleosynthesis

After the observation of the Universe’s expansion, by going back in cosmic time, the consequences
were that there should be an early time where the Universe was very small, its average tempera-
ture was at the energy scale of nuclear reactions and its energy content was radiation dominated,
according to (2.9). This scenario, together with the idea that the Universe came from an initial
singularity at the beginning of cosmic time is called the hot Big Bang scenario [20].

At the first half of the 20th century, concurrently with the advancement of Cosmology, the
development of stellar physics made possible the calculation of the nuclear chain reactions origi-
nating elements in supernovas, namely stellar nucleosynthesis, and also the abundance of elements
in the Universe according to the observed galaxies and their stellar populations.

The observed abundance of the lightest elements and their isotopes, Hydrogen and Helium,
however, was not compatible with the theoretically predicted amount due to stellar nucleosynthe-
sis. In the 40s, the work of George Gamow, Ralph Alpher and Hans Bethe [21] made theoretical
predictions for the observed abundance of these elements using the hot Big Bang scenario that
matched the observed light element abundances in the Universe, making Big Bang Nucleosyn-
thesis one of the first experimental verifications of the theory.

In figure 2.2 we show a plot of the theoretically predicted element abundance as a function of
the matter density in the early Universe, as well as the measurement of the WMAP satellite.

2.2.2. The Cosmic Microwave Background

One of the consequences of the Hot Big Bang scenario is that, at some point in the Universe,
photons decoupled from ordinary matter and were able to freely scatter, making the Universe
transparent. Big Bang Nucleosynthesis calculations show that around 7" ~ 4000K protons and
electrons recombine to form neutral hydrogen, strongly decreasing the scattering of photons in
atoms due to Thomson scattering, and at around T' ~ 3000K, corresponding to a redshift of
Zdec ~ 1100, the mean free path of photons becomes larger than the Hubble scale ~ ¢/H (zyec)
and photons freely propagate through the Universe, making it transparent [20]. One can calculate
the temperature at which this primordial radiation should be observed and obtain

Tomp ~ 2.7K, (2.13)

corresponding to black-body thermal radiation in the Microwave wavelength of the electromag-
netic spectrum.

In 1965, Penzias and Wilson published the detection of microwave radiation coming from
all directions in the sky with measured temperature within the theoretical predictions for the
primordial radiation [22], which was immediately interpreted by Dicke et al as the relic radiation
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Figure 2.2.: Predicted abundance of elements in the Universe as a function of the matter density
parameter. The red line indicates the measurement made by the WMAP satellite of
the matter density of the Universe, which is in agreement with the observed elements
distributions. Taken from the NASA WNMAP website.

emitted after the Hot Big Bang, per the Big Bang Nucleosynthesis calculations [23]. The discovery
earned them a Nobel prize and became another successful prediction of Cosmology and the Hot
Big Bang. In figure 2.3 we show a simulated image of the CMB radiation as measured by Penzias
and Wilson.

Figure 2.3.: The CMB as measured by Penzias and Wilson in 1965, with an average temperature
of 3.5 + 1K. Taken from the NASA WNMAP website

2.2.3. Cold Dark Matter

Big Bang Nucleosynthesis predicts the abundance of light elements in the Universe, which should
account for the majority of its matter content. Measuring the abundance of these elements thus
constrains the §2,, parameter. What we observe, however, is a matter content 5 times larger


https://wmap.gsfc.nasa.gov/universe/bb_tests_ele.html
https://map.gsfc.nasa.gov/media/030635/index.html
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than the Big Bang Nucleosynthesis prediction from cosmic structure and Cosmic Microwave
Background observations.

Already in the 30’s Fritz Zwicky, by applying the Virial Theorem to galaxies in the Coma
cluster, suggested that the observed amount of observed matter in clusters should not be able to
properly account for its gravitational potential, something that was later observationally verified
in the 70’s by Vera Rubin among others. During the 70’s due to the observations of galaxy
rotation curves and the further theoretical understanding of inhomogeneities in the Universe,
the idea that baryonic matter, which interacted with the electromagnetic force is not able to
account for the total matter content in the Universe became widely accepted, and the Dark
Matter paradigm became established [24].

Theoretical work done by Jim Peebles [25] proposed that Dark Matter should be non-relativistic
(i.e. cold), and thus have the same equation of state parameter wcpym as ordinary matter, treated
as dust. Observations of galaxy number counts and CMB temperature fluctuations favored this
model, in which structure in the Universe is created hierarchically, from smaller gravitationally
collapsed objects that grow into larger structures forming the observed Large Scale Structure of
the Universe. [20, 24]

2.2.4. The Accelerated Expansion of the Universe

In the 1990’s, with the advent of the Hubble telescope and new observational facilities, measure-
ments of the Hubble constant vastly increased in both precision and accuracy, converging to a
value of Hy ~ 70km/s/Mpc. This, together with new spectroscopic and photometric capabili-
ties, allowed the observation of distant sources and measurements of their distance to constrain
the Hubble law (2.12) and its redshift dependence. Measurements of the age of the oldest stars
and distant supernovae were already pointing to a tension in the age of the Universe [26, 27] as
calculated from the then standard CDM model.

In 1997-98, Riess, Perlmutter and Schmidt [28, 26, 29] published a series of papers showing
that the then current accepted paradigm of a decelerating Universe was not compatible with
observations of supernovae at high redshifts, which used the luminosity distance relation [24]

LS 8 dZ/
JES 2.14
ey Sl A T (2.14)

to constrain the cosmological parameters, with Lg the supernova luminosity and Fyg its ob-
served flux. The simplest model able to account for the observations of a Universe in accelerated
expansion is the one obtained by adding a positive cosmological constant to Einstein’s equa-
tions (2.1), resulting in Friedmann’s equations (2.9) including a cosmological constant A density
parameter, now

A

Pcrit

H?> = Q1+ 22+ Q1+ 2+ Q1+ 2> +Qn, Q= (2.15)

By the first decade of the new millennium, with measurements both from the Hubble Space
Telescope and the WMAP satellite, the existence of a cosmological constant became widely
accepted, with a standard cosmological model with a cosmological constant density of 2y = 0.7.
In figure 2.4 we plot the Hubble diagram obtained by the Supernova Cosmology Collaboration
which resulted in the discovery of the accelerated expansion of the Universe, and the 2011 Nobel
prize for its three main discoverers.

These observations form the basis of the current concordance cosmological model, namely the
ACDM model. Relativistic Cosmology, however, has developed beyond describing only the large
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Figure 2.4.: Magnitude-redshift relation obtained from Type Ia supernovae fits to the Hubble
diagram. The upper graph shows the fit to observations for different cosmological
models, the best one which includes a cosmological constant; the lower graph shows
the absolute magnitude variation for each observed supernovae.

scale behavior of the Universe, and the ACDM model also accounts for cosmological dynamics
at scales where the Universe cannot be modeled as perfectly homogeneous and isotropic, and the
cosmological principle becomes a statistical hypothesis on the average behavior of cosmological
dynamics. In the next section we develop the needed mathematical formalism to describe the
precision tests cosmology went through, from fluctuations in the Cosmic Microwave Background
to the description of large scale structure dynamics.

2.3. Structures in the Universe

The Cosmological Principle dictates the large scale behavior of Cosmological dynamics, and the
Friedmann equations (2.15) are valid at sufficiently large scales, where the energy content of
the Universe can be taken to be very nearly constant. A characteristic scale for large scale
cosmological dynamics is given by the comoving Hubble radius
c
rg = W. (2.16)

For a sphere with Hubble radius centered around a particle, all particles outside the sphere
cannot interact causally with this particle at time 7. In an ever expanding Universe, this scale
sets a causal boundary, where particles separated by distances greater than the Hubble horizon
cannot interact with each other for 7p > 7 [24].

The Hubble radius is then a characteristic scale where one can safely neglect particle interac-
tions, and only the cosmic dynamics of (2.15) are taken into account.

10
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Inside the Hubble radius, however, we observe gravitationally bound structures. Galaxies
interact gravitationally inside galaxy clusters, clusters have their own peculiar velocities and
follow the Hubble flow in a inhomogeneous distribution locally; and the CMB is not perfectly
isotropic, but shows small anisotropic and inhomogeneous deviations from a black body thermal
spectrum due to gravitational and electromagnetic interactions.

The mathematical tool best suited to describe all of these effects, namely small deviations from
homogeneity and isotropy, is Cosmological Perturbation Theory, where one writes deviations
from the FLRW metric as perturbations in the metric and stress-energy tensors, and obtain the
dynamical equations for the evolution of these perturbations from the background solution.

After developing linear cosmological perturbation theory, in order to link theory with observa-
tions, we derive the CMB anisotropy and galaxy number count power spectra, two observations
that are well described by linear perturbation theory on FLRW and another success of the ACDM
model. We use fully gauge-invariant variables, which are the true physically observed quantities.

2.3.1. Perturbation Theory in FLRW space-time

We start by assuming that the metric g, and the stress energy tensor 7}, of the observable
Universe are close to the Robertson-Walker g,,,,, T}, to first order, formally

9w =9l ey T =Tl 5y (2.17)
maxy,,,} Juw maxy,,y Ly
where € is a smallness parameter, € < 1. The perturbations are then a map between the observed
manifold with stress-energy tensor T},,, (M, gu ). By choosing the background metric and per-
turbing it to first order, we are looking at a ¢ that keeps the background tensors T and g fixed to
order . We can describe this infinitesimal variation in the metric g as the flow of a vector field
¢ parametrized by ¢¢. The push-forward of the metric under this diffeomorphism then must be

G (Gu) = G + €LeGun + O(€2) gy (2.18)

We show a depiction of this diffeomorphism in figure 2.5. By writing the perturbed metric g,
as

G = Guv + €a*h (2.19)

we see that the metric perturbation hy,, using (2.18), transforms under infinitesimal diffeomor-
phisms of the form above as

Pyw = By + a2 Legpu. (2.20)

The transformations described by (2.20) are gauge transformations, which, due to the diffeo-
morphism invariance of the background quantities, describe the same metric but have different
parametrizations in terms of metric dependent variables. Physically relevant variables, that is,
quantities that we are able to measure, should not be gauge-dependent, since they are observer
independent and coordinate-invariant.

In this work, we’ll use gauge-invariant perturbations, such that there is no ambiguity in un-
derstanding which variables are physically relevant and it becomes clear the connection between
certain gauges and the relevant physical quantities, such as the gravitational potentials. An im-
portant first result in this direction is the Stewart-Walker lemma [30], which claims that for a
perturbation to be gauge invariant, it must be constant or vanish at the background level, mean-
ing that it leaves the background metric invariant under its change. This can be seen directly

11
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Figure 2.5.: Diffeomorphism ® between the background, idealized FLRW manifold Sand the ob-
served, perturbative FLRW manifold S. The pushforward of this diffeomorphism
defines a gauge map between the background and the perturbed metric, which we
choose to be the identity up to a linear term. Image taken from [31]

from (2.20), which shows that the term L¢g,, should vanish in order to keep the perturbation of
the metric invariant under infinitesimal transformations.

2.3.1.1. Gauge Invariant Variables

In order to obtain the gauge-invariant variables for the metric and stress-energy tensor, we start
with the most general form of a perturbed FLRW metric to linear order, which can be fully
described by scalar fields on the coordinates using the Scalar-Vector-Tensor decomposition, a
result first obtained by Lifschitz. We will follow closely the treatment given in [20] throughout the
section. A rigorous and comprehensive derivation of this metric through the SVT decomposition
can be found in [32]. The metric is

ds® = a®(t) [—c*(1 + 24)dt* — 2B;da'dt + (6;; + H;;) da'da’] | (2.21)

where the SVT decomposition allows us to write the tensors Hp;; and B; as gradients and
laplacians of scalar functions. Each of these tensors transforms independently under coordinate
change according to their tensorial nature, such that perturbations modes do not couple to first
order [33], meaning that we can analyze their evolution independently. From here on, when we
mention perturbation theory, we mean linear perturbation theory. Nonlinear perturbations and
their evolution are described succintly in [24].

The SVT decomposition allows us to write the tensor and vector perturbations as

. 1
H;; = Hpd;; + Hrjj with Hrgj = 0;0;Hy — §5z‘jAHT,
Bi = 6B, (2.22)

where A = )" (32-2 denotes the flat space Laplacian. Thus, scalar, linear metric perturbations are
encoded in four functions: A, B with B; = 0;B, Hy, and Hr. In figure 2.6 we depict the role of
these 4 functions in fixing the gauge used in the coordinate map

12
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Figure 2.6.: Figure depicting the role of the 4 functions describing the perturbed metric (2.21),
in the notation of [31], where the figure is taken from. The choise of A and B define
the time slicing of the gauge, while C = Hr and D = Hj, fix the chart between the
spatial hypersurfaces.

Since our work focuses on post-reionization and late-time cosmology, we restrict ourselves to
scalar perturbations. Furthermore, we are able to safely neglect vector and tensor perturba-
tions. Vector perturbations decay in an FLRW background [20] and the contribution from tensor
perturbations is small compared to scalar perturbations, see e.g. CMB data [34].

In order to obtain gauge-invariant variables of the metric, we should analyze their transfor-
mations under infinitesimal variations described in (2.20) and obtain linear combinations of the
metric functions in (2.21) that are invariant under these transformations. This work is done
extensively in [20, 33] and we refer the reader to appendix A for the full set of gauge-invariant
variables and the transformation laws of the metric functions. Here we just write the metric
gauge-invariant variables, given by

L :A—HUt —é’t, (223&)
d = —R + Hoy, with, o, = Hp — B, (2.23b)

where oy is the shear in a simultaneity hypersurface, and therefore not gauge-invariant, as it
depends of a specific time slice, and it is useful to note that we use the conformal Hubble
parameter, defined by

H=aH = a, (2.24)

the Hubble parameter for the comoving coordinates of the metric (2.21) da/dr.

In order to describe the full dynamics of our perturbed cosmology, we still need the stress-
energy tensor perturbations and their dynamical relations with the metric potentials through the
Einstein Equations.

We now write the parametrization of the full observed stress-energy tensor and its energy
density p and 4-velocity u”. We define the 4-velocity of the fluid as being the time-like eigenvector

13
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and eigenvalue of the full energy tensor,

Ty = Ty + Oy, THu” = —put, guuut = —1, (2.25)
p=p(l+9), u = u’0; + u'd;, (2.26)

where 1 is fixed by the normalization, and we decompose its space-like part as the partial deriva-
tive of a scalar velocity potential v, which can always be done using the Helmholtz decomposition
[20]:
1 o1 .1
u’ = = (1— A), u' = —v' = 0. (2.27)
a

a a

We define then the projection tensor on the hypersurface orthogonal subspace of u# as P} =
uhu,, + 0. By defining the stress-tensor

v = PrPYTP, (2.28)

we are able to write the full stress-energy energy tensor as

T} = puyuy, + 7, (2.29a)
mi=P[14m)s+ 1}, I =0, (2.29b)
=0, =P, 1=Pv;-B). (2.29¢)

We see that in the case where perturbations vanish, 7 gives the pressure contribution 7;; = Péij.
In equations (2.29) we have once again used the SVT decomposition in order to write the spatial
part of the perturbed stress-energy tensor as the sum of a symmetric and a traceless component.
The traceless part of the stress-energy tensor I1¥ is called the anisotropic stress, and accounts for
the anisotropic component not present in the background stress-energy fluid. Since the anisotropic
stress vanishes identically at the background level, the Stewart-Walker lemma guarantees that it
is a gauge-invariant quantity.

Again, through a linear combination of the perturbative quantities of the stress-energy tensor,
we find gauge-invariant variables describing its fluctuations. We refer the reader to appendix A
for the full transformation laws of these quantities and the gauge-invariant variables The other

gauge-invariant variable obtained from the stress-energy tensor is I' = 7y — —5 with cg the
sound speed of the fluid.

With these quantities in hand, we are able to write the velocity and density perturbation
gauge-invariant quantities:

V=v-Hyr (2.30a)
Ds =6+ 3(1 +w)H(Hr — B) (2.30b)
D = Dg+3(14+w)Hv (2.30c)
Dy =Dg —3(1 4+ w)d. (2.30d)

By using the kinematic decomposition of the coordinate-independent fluid 4-velocity u*, we can
write gauge-invariant variables that have a physical interpretation in terms of the expansion,
acceleration, shear and vorticity of the fluid. We write explicitly [20]

1
Upp = gppya — QuUy + Opy + Wy, (231)
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where we note that ; means the covariant derivative of the tensor field, and P, the projection
tensor defined in (2.28). 6 is the expansion, a, the 4-acceleration, o,, and w,, the vorticity.
These quantities can be written as

3 )
0:5H[r—A+?r%H;+uﬂ (2.32a)
ad=—-0A, a®=0, with (2.32b)

1. . 1
A:$<B—U+A+HB—UD—agGV—HV+W% (2.32¢)

Jij =a (81@ - ;6Z]A> g, go0 — 0= g0; — 050, with (232(1)
o= a(Hr —v), (2.32e)

W = 0. (2.32f)

It is easy to check that, with the exception of the expansion 0, all of the kinematic quantities are
gauge-invariant, since we can write them as linear combinations of (2.30) and (2.23). Another
way to arrive at this result is by noticing that the only quantity that does not vanish at the
background is the expansion €, which is a multiple of the Hubble parameter at the background.

2.3.1.2. Longitudinal and Synchronous Gauges

Here we briefly describe two of the most commonly used gauges in the literature: the Longitudinal
or Newtonian gauge, and the Synchronous gauge. A full description and mapping between these
gauges in given in [35].

In the Newtonian gauge, one uses the gauge freedom to set the scalar functions of the perturbed
metric (2.21) as

A=+ Ho, + 64, B=0, (2.33)

1
Hy =~ + 3 AHT + Hoy, Hp=0. (2.34)

Where ® and ¥ are the Bardeen potentials defined in (2.23). In the Newtonian gauge, the
metric functions A and Hj assume a role similar to the Newtonian gravitational potential in
the weak field limit of General Relativity, and have an intrinsic physical meaning since the non-
vanishing scalar functions are equal to the Bardeen potentials, which are gauge-invariant.

In the synchronous gauge, the scalar functions are defined such that observers share the same
space-like t = constant hypersurfaces, and thus that the time part of the metric is unperturbed,
i.e. goo = goi = 0. In this case, we have in equation (2.21)

A=0, B=0. (2.35)

Unlike in the Longitudinal gauge, the synchronous gauge does not make use of the whole gauge
freedom in setting the scalar functions of the metric, and thus spurious degrees of freedom may
appear in the dynamical equations for the perturbations. One of the main reasons for using this
gauge is that it sets a hypersurface of constant time common to all cosmic observers.
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2.3.2. Perturbed Einstein’s Equations

The full derivation of Einstein’s equations for the metric (2.21) and the stress-energy tensor (2.29)
are long and involved, in particular using gauge-invariant quantities. For a detailed derivation
of the equations, in both gauge-invariant and the synchronous and comoving gauges, the reader
is referred to the papers [33, 35]. Here we list the dynamical and conservation equations and
derive the evolution of the gauge-invariant density and velocity. We then obtain the Bardeen
equation, which governs the time evolution of the gauge-invariant gravitational potentials (2.23),
also called the Bardeen potentials. Before connecting these quantities to the observation of the
CMB anisotropies and matter power spectra , we apply the equations to the important special
case of a pure dust fluid.

Einstein’s equations R, — %Rgm, = KT}, for the metric (2.19) and the stress-energy tensor
(2.29) are given by

ganD = —(A+3K)® (00) (2.36a)
ga2(p +P)V =HU — & (0i) (2.36b)
~A(® + T) = ka’?PATI (ij),i#j (2.36¢)
& 4+ 2HD + HV + [27{ +H 4 ?] U= gcﬁp BD + D, =l (i) ,i=j, (2.36d)

where A denotes the spatial Laplacian, the speed of sound is defined by ¢? = 6P/6p and K is
the spatial sectional curvature of the 3-metric in (2.5b). The conservation of the stress-energy
tensor gives us

Dy +3(c2 —w)HD, — (1 +w)AV + 3wHL =0 (2.37a)
2

y o 2\1/ _ 9.2 Cs w 2

V4 H(1 -3V = (¥ —320) + TR R s [+ S (A+3K)) . (2.37b)

In order to close the dynamical system in time (I, ", D, V, ¥, ®) we still need one more equation.
By using the definition of the gauge invariant quantities D and D, and the (00) and (ij) equations
(2.36), the (ii) equation (2.36) leads to the Bardeen equation

O+ 3H(L+ )P+ [3(c2 —w)H? — (2+ 3w +3¢2 + 3c1)K — 2A] @
= ka’PA |HIT+ [2H + 3H*(1 — ¢ /w)]IT + % + g , (2.38)
which closes the dynamical equations for the perturbation variables once the matter content is
given by the equation of state (2.4). It is common to write the equations in terms of the velocity
and density perturbations D and V', which are physically measurable, but in this work we will
usually express quantities in terms of the Bardeen potentials ® and W.

As an application, we describe the evolution of an adiabatic perfect fluid, in which case the
anisotropic stress vanishes, 1I;; = 0 and the gauge-invariant quantity I' also vanishes identically
since there is no variation of the entropy flux [20]. In this case, we have ® = ¥ from (2.36), and
(2.38) becomes
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U+ 3H(L+ AT+ [(1+32)(H? - K) — (1+3w)(H> + K) — 2A] @ =0, (2.39)
which is a damped wave equation. For flat cosmologies K = 0 and a constant equation of state
§p = c2dp = wép, the equation becomes [20]

14w
(14 3w)t

where we’ve used the background values of a and H for a perfect fluid cosmology, as in (2.15).
By going to Fourier space

U +6 ¥ — wA¥ =0, (2.40)

A —k?, (2.41)
we are able to find an analytical solution for the potential ¥ of the form

1
U(t) = @
where j, and yy are the Spherical Bessel functions of order ¢ [36]. By analyzing the asymptotic
and small behavior of the Bessel functions we find that for evolution inside the Hubble horizon
w/2kt > 1, the growing mode A oscillates with frequency w'/2k and the B mode decays as
1/(ta). For modes outside the Hubble horizon w!/?kt < 1, the A-mode remains constant while
the B-mode decays as 1/ta?. The dust case is particularly interesting, since w = 0 and in the
sub-Hubble scales the perturbations grow as

(Ajg(wlﬂkt) n Byg(wl/zk:t)) , (2.42)

B
Ak (2.43)
meaning that, at the largest scales, CDM and standard matter perturbations are approximately
constant and start to oscillate slowly when entering sub-horizon scales. This shows that in the
matter-dominated age of the Universe, the gravitational potential ¥ describing the interaction of
large-scale structure remains nearly constant, and taking it as constant is a good approximation
to linear order [20, 24].

2.3.3. Power Spectra of Cosmological Observables

In order to constrain cosmological parameters and map observations to theoretical predictions,
it is necessary to take into account that what we observe with surveys and telescopes is usually
a random field X distributed across the celestial sphere, with direction given by a vector n. In
order to understand how the statistical distribution of the field on the celestial sphere implies
a certain cosmology, we analyze its Power Spectrum. By expanding the field X (n) inside the
two point correlation function (X (n;)X (n2)) into spherical harmonics on the sphere Yy, (n), one
finds the expansion coefficients ay,, which contain the statistical information on the cosmological
model, and can be theoretically predicted using the perturbation theory developed in this section.
Thus, by decomposing the observed field into spherical harmonics and obtaining its coefficients,
one can obtain constraints on the cosmological parameters by comparing the observed a}?}f and
the theoretically predicted agfo.

The power spectra of cosmological observables is a fundamental tool in cosmology and we use
it extensively in this thesis. Here we briefly describe how to map fields obtained from surveys
and simulations to the theoretical predictions from cosmological perturbation theory through the
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use of the power spectrum and the angular power spectrum. Extensive definitions and the full
statistical treatment of this important topic can be found in the standard texts [24, 20].

Let X (n) be a random field defined on the celestial sphere S, X : n — X(n), where X is
distributed according to some known statistical distribution with probability density function p(x)
at each point in the celestial sphere. Its 2-point correlation function is given by the correlation
of the field at two points (nj, ny)

(X(n1)X(n2)) = C(n1,n2), (2.44)

where C'(n1,ny) is the correlation between the two random variables X (n;) and X (ng2) with same
probability distribution p, defined in appendix B.
We can expand the field X in spherical harmonics defined on the sphere as

X(n) = 3 @ Vi, (2.45)
Im

and refer the reader to appendix B for the definition of the spherical harmonics on the sphere.
Here ay,, are complex functions.
By using the expansion above in (2.44), we obtain

(X)X (12)) = 5 (@ Gtm) Vi (01) Yo (12) (2.46)
ml'm/
The cosmological principle in a Universe with structure ascertains that fields in the sky are
statistically homogeneous and isotropic, and thus their correlation at different points n; and no
should not be position or direction dependent, such that

Z <a2’m’a€m> = Z 000 O Ce (247)

tme'm’ me'm’

In this case, the decomposition (2.46) becomes diagonal and is given by [20]

<X(n1)X(n2)> = Z 558/5mm/ Cfnm(nl)yé’m’(HZ)

ml'm/’

1
= E ZCg(nl . ng)Pg(l’ll . IIQ)
l

= =0 )G P, (2.48)
V4

where Py is the Legendre polynomial of order £ and the orthogonality relations of the Spherical
Bessel Functions were used. We also defined the angle between the two vectors p = nj - no.
We once again refer the reader to the appendix B for extensive definitions. The previous result
also shows that statistical isotropy and homogeneity implies in diagonal coefficients for the har-
monic decomposition of a field; and thus we can test cosmological homogeneity and isotropy by
constraining the ag,,’s.

By setting the convention for the Fourier transform in 3 dimensions as

(K (2i)3 /R @ ) ¢, (2.49)

we find the Power Spectra Px (k) of a statistically homogeneous and isotropic field through
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(X (k)X (k")) /d3 '/d3xC x, x) ik x—Kx) (2.50)
(27)36(k — K') Px (k).

Thus, for a statistically homogeneous and isotropic field X (n) on the celestial sphere, we obtain
its power spectrum by the Fourier transform of its 2-point correlation function (XnXn)

Px (k) = (X ()X (n)). (2.51)

Cosmological observations rely on the statistics of the 2-point correlation functions of objects
and fields in the sky, and as such the theoretical Power Spectra Px is directly related to these
observations.

Furthermore, by using the decomposition (2.45), we define the Angular Power Spectrum of the
field X as

CF = (Jaf ). where a = [ d2aX(0)Y;, (m), (2.52)

where df), denotes integration over the whole sky area. For statistically homogeneous and
isotropic fields, there is no dependence on m [20]. By applying (2.54) to the Fourier transform
of the field and using the orthogonality of the Spherical Harmonics, we can write [20, 37]

'é
o 9.3
and obtain the angular power spectrum in terms of the power spectrum and the Kernel function
Fy of the field X through the use of equation (2.46)

A kjo(kn) X (k) Yo (K), (2.53)

Qpm =

oF = 2 / dkk*Px (k)FZ (k), (2.54)

™

where n = |n| and the Kernel for the field X (k) is given by

Fg(k:) = ]g(k‘n) (2.55)

We also define the dimensionless power spectrum of the field X by the relation

k3
2m2

The dimensionless power spectrum has the same dimension as the field X squared, and relates
to the correlation function C(nj,ns) straightforwardly through equation (2.50) for statistically
homogeneous and isotropic fields [20]

Px(k) = —— Px (k). (2.56)

C(x,y)=/dkkjo(kr)7>x( ) (2.57)

where r = |z—y|. Fields where Px (k) does not depend on k are called scale-invariant fields, and
in this case the correlation function (2.57) is not a function of the distance |x — y|. Furthermore,
using the adimensional power spectrum, we are able to write (2.54) as

CX = 4n d—:PX(k)F;(k). (2.58)
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With all the mathematical tools in hand, we are able to make theoretical predictions and
study their matching to observations. In the next section we describe two of the most successful
predictions of the ACDM and Big-Bang cosmology: the CMB anisotropy angular power spectrum
and the matter power spectra.

2.3.4. CMB Anisotropies and Power Spectrum

When Penzias and Wilson first observed the CMB, telescopes weren’t able to fully resolve the
signal such that deviations from thermal spectra in the CMB could be measured. In 1967 Sachs
and Wolfe, using the fully relativistic cosmological perturbation theory, predicted that the fluc-
tuations in the matter density and gravitational potential, both at the time of the last scattering
surface t1gs, and between the LSS and observation, resulted in deviations of order 1% [38] in
the temperature distribution of the CMB across the sky. With good enough precision, one could
detect deviations from isotropy from the measured average temperature Tomp

~107°. (2.59)

The CMB temperature is observed as statistically homogeneous and isotropic radiation covering
the whole celestial sphere T'(n) [20], and as such we are able to analyze its anisotropy angular
power spectra using the procedure detailed in the previous section. At the same time, we can use
cosmological perturbation theory to calculate the theoretical angular power spectrum and match
it to the observed spectra.

In order to precisely calculate the CMB anisotropies one can use different formalisms, mainly
using the Einstein-Boltzmann equations and numerically solving them through numerical solvers
such as CAMB [39] and CLASS[40, 41], which can be directly used to test state of the art data
from the Planck satellite [34].

Here we briefly follow the general relativistic geometric optics treatment in the manner of
Sachs, Wolfe and Ehlers. We do not perform any explicit calculations, which all can be found in
the standard text [20] for all of the mentioned formalisms and goes in depth on all the physical
effects relating to the CMB radiation. We also use the Newtonian gauge (2.33) for simplicity.

Photons from the CMB follow very closely geodesics of the metric (2.21). An observer O
comoving with the cosmic fluid with 4-velocity u® (2.27) measures the photon in the full perturbed
spacetime with 4-moment k% and energy Fop = —u%kq|o.

One can obtain the perturbations for the photon 4-momentum by integrating the geodesic
equation

Viekt = kOV okt =0, (2.60)

and decomposing the tangent vector k* into a part parallel to the observer 4-velocity and a
propagation direction part e,

k-k=0, e-e=1, u-e=0 with k=F(u—e), and (2.61)
_ _ 1 ,
kF =k + 0kM with k= ﬁ(l,ﬁl), (2.62)

where 7 is the normalized background space direction of the source measured by the observer.
We then obtain, in Newtonian Gauge,
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1 1 o o . .
0 _ 0 _
0K = —on’ = — [—2‘1’\3 —/S dX (\p+q>)] , (2.63a)
i 1o 1 —ix|O ¢ i

The energy measured by the observer O is given by
1 , 1 f° ..
EO:—kMu“:[l—}—\IJ-}_ﬁlV;]O—{—/ A (\11+<1>), (2.64)
ao ao Js

where we neglect monopole terms [20].

We are not only interested in how the full perturbed CMB temperature measured by the
observer Tp is distributed across the sky, but how it scales with the change in redshift. Using the
Stefan-Boltzmann law and the radiation equation of state (2.4), we have the relation p, oc T4,
and obtain the following scaling law for for the perturbed temperatures

To T 6T . T T, 1

45 20 _20(y 20 5) _ 20 (1 2519), (2.65)
ao Ts Ts To Ts Ts 4

where we included the subscript , to indicate that these are radiation perturbations. By naming

the observer O the CMB sky that we measure today cyp and the source as the CMB at the time
of decoupling gec, we can write, through the use of (2.64),

(@]

Ecus _ Tous [1 a <1D§r) + V0 4+ W+ <I>>}

@
+ [ dxn (b4 d). 2.66
Edec Tdec 4 S /S ( )

By integrating and evaluating the previous equation at the observer and source times, and by
measuring the temperature fluctuations difference from two directions n = n; — no, we have the
temperature fluctuation field of the CMB [20]

AT (n)
T

1 . o,
_ <4D§r) VO 4w <1>> (tdees Xdeo) + / aA (4 D) (faees Xaee), (2.67)
S

CMB

where x(t) = x¢ — (to — t)n, x¢ the source position. The superscripts are used to indicate which
energy content we are referring to in each term. The result also excludes the observer dipole term
Vj(b)nj |0, which is related to the intrinsic motion of the observer (in our case, the Earth), and is
not extragalactic or cosmological in nature.

The terms in parenthesis are fluctuations intrinsic to the last scattering surface: the radiation
density fluctuation and the gravitational potentials, as well as the motion of the observer in
relation to the LSS.

The term V}nj is called the Doppler contribution to the CMB anisotropy, and is due to the
relative motion between the observer and the LSS.

By assuming that the initial conditions for the curvature perturbations are adiabatic, detailed
in [20], and supported by the Planck satellite [34], we have the relation for the Bardeen potentials

U= (2.68)

One can use Einstein’s equations (2.36) to obtain the density fluctuations Dy in terms of the
gravitational potentials ® and ¥, and under these initial conditions for the initial fluctuations
one has [20] the (ordinary) Sachs-Wolfe effect
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Figure 2.7.: Oberved temperature fluctuations of the Cosmic Microwave Background from the
Planck satellite. In comparison to figure 2.3, one can clearly see how the improvement
in detection and processing increased both precision and accuracy in detecting the
fluctuations in the CMB. Taken from

OSW
<A1;(Il)> = g‘ll(tdecaxdec)' (269)

First derived in Sachs and Wolfe’s paper [38], this term is related to the curvature fluctuation
at the time of the last scattering surface, which is sourced by the Newtonian potentials ® and V.
These are the main contributions to the fluctuations in the CMB temperature at large angular
scales in the sky, and were first detected by the COBE satellite [42], a confirmation of the validity
of the perturbative treatment for cosmology and its closeness to isotropy and homogeneity.

The integrated term in equation (2.67) is called the Integrated Sachs-Wolfe effect, and is the
result of the integrated time variation of the gravitational potentials from the LSS to us. Its
effect is seen at large angular scales, and since it is a tracer of the evolution of the gravitational
potential, the best measurement of this effect is obtained through the cross-correlation of the
CMB power spectrum and large scale structure fluctuations, such as described in [43].

In figure 2.7 we plot the observed temperature fluctuation field of the CMB as measured from
Earth, which is in high agreement with the predictions of cosmological perturbation theory in
ACDM.

The angular power spectrum of the CMB is obtained by using the formalism of the previous
section, however one still needs two ingredients to fully describe the power spectrum: the form
of the primordial power spectra, generated during the inflation-like phase of the Universe, and
the transfer functions for the fields in (2.13).

We need to assume a primordial power spectrum Py such that the fluctuations in the fields
are generated from quantum fluctuations of the curvature during the primordial Universe. It is
a generic prediction of inflationary models and inflation-like models of the primordial Universe
that the quantum fluctuations of the curvature are given by a spectrum of the form [44, 20]
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ns—1
E3 (U (k)P (K)) = (27)35(k — K )Py = (27)36(k — K)A <:> : (2.70)
*

where A and k, are the characteristic amplitude and pivot scale of the spectrum, determined by
observations. ng is called the spectral index, which is determined from the primordial Universe
model. Generic inflationary models predict a scale-invariant spectrum ng = 1, although current
observations show the spectrum to be nearly scale invariant, with a spectral index ng ~ 0.96 [34].
The Bardeen potentials power spectrum P, which is the actual observed curvature power
spectrum, is related to the primordial curvature fluctuations spectrum through the relations [20)]

2
kSRp:2W2<§) Py (2.71)

k ns—l 2 k ’I’LS_].
A(k) =%¥<§)f%<k> : (2.72)

where Ag is the amplitude of the scalar perturbations, the measured amplitude of the curvature
power spectrum, and the factors are due to the quantum evolution of the primordial spectrum.

After the generation of the initial quantum fluctuations of curvature through inflationary dy-
namics, the resulting fluctuations are gaussian [44, 20], and to linear order there is a function
that maps the primordial fluctuations, which are random distributions, to the matter and velocity
fluctuations observed in the late Universe. These are called the transfer functions, and determine
the full scale and time evolution given the initial fluctuations W(k, tin;i), where tiy; is the time
after the inflationary dynamics. One can write

X (k,t) = Tx (k, t)U(k, tin;)- (2.73)

The transfer function for a given field is determined by the physics from the post-inflation,
radiation-dominated era of the Universe, and can either be found through direct integration of
the Einstein-Boltzmann equations, which describes the interaction of the particle types during
this era, or through an ansatz that describes the physics phenomenologically. Throughout this
work, we will use the Einstein-Boltzmann solver CLASS [40, 41], a numerical, efficient Einstein-
Boltzmann solver, to obtain the Transfer Functions for the late-time perturbations. For an
analytical, phenomenological and accurate model of the Transfer functions for matter densities,
one can check the seminal Eisenstein-Hu model in [45].

Using the perturbed Einstein equations (2.36) and the definition of the transfer function (2.73),
one finds in Fourier space, for the gauge-invariant matter, velocity and potential fields [37]

Te =Ty (2.74a)
2a k .

= — (HTy + T, 2.74

YT 30, 12 (77 + 1) (2740)

kTy = Ty + HTv, (2.74c)
2a k H

Tp = — — ) Ty — 3Ty — 3°=T 2.74d

D 30, <%> v — 3Ty 3k: 1% (2.74d)

where Ty is the transfer function for the Bardeen potential, related to the primordial curvature
fluctuations through (2.71).
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Figure 2.8.: Measured power spectrum for the CMB fluctuations, continuous line is best fit using
the ACDM model and assuming an inflationary primordial spectrum given by (2.70).

Using equation (2.58) and substituting the terms for the initial curvature perturbations power
spectra using (2.74), we finally obtain the CMB angular power spectrum

24 [dk [ kKN""Y A/
CZCMB:7 k<k> \EATT (1, 20) 2, (2.75)

where FKAT/T(k:) is the Kernel function for (2.13), which can be found in e.g. [24, 20].

In figure 2.8 we show the results from the final Planck satellite data release [34], with the data
points and best theoretical fit using the ACDM model. The measurements of the satellite are
one of the greatest successes of the ACDM and Big-Bang cosmology, which predict a spectrum
according to the one measured by the satellite. One can find the best fits for the cosmological
parameters in appendix C, which we use extensively through this thesis.

2.3.5. Cosmic Structures in the Universe and matter Power Spectrum

As mentioned previously, the observed Universe is isotropic and homogeneous only statistically.
We observe structure at all scales, from galaxy super-clusters and cosmic filaments to local clusters
and interacting galaxies. Like the CMB, the power spectrum of fluctuations of the distribution
of galaxies and other tracers of matter in the Universe provide not only a statistical description
of the observed Universe at large scales but is also able to constrain its energy content and the
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underlying theory describing gravitational interactions at cosmological scales, being a probe into
both our cosmological model and General Relativity itself.

In this section we provide a simple derivation of the matter power spectrum at first order,
following [20] and then describe the fully relativistic theoretical galaxy number count, another
successful prediction of cosmological perturbation theory, and discuss its relation to the galaxy
number count power spectra. Unlike the CMB, which is always measured at redshift z = 0,
one measures the galaxy and spectra distribution of sources at different redshifts, such that the
spectra have redshift dependence. This redshift dependence is a powerful tool to understand how
structures were formed and their evolution through time. We are going to use the results of this
section extensively through this thesis, since our results are highly dependent on understanding
of cosmic structure and how it behaves at different scales and redshifts.

Let N(n, z) denote the number of galaxies observed from direction n in the sky and at redshift
z in an infinitesimal solid angle d). For a redshift slice [z, z + dz], the average number of galaxies
observed is 47N (z) fsky, where N is the average number of galaxies at this given redshift slice
and fqy is the fraction of the sky observed.

The galaxy number count fluctuation at redshift z is defined as the field

N(n,z) — N(z)
N(z)

In order to map the number count fluctuations to the matter distribution in the Universe, one

needs the assumption that the distribution of galaxies, or objects being counted, follows closely

the distribution of CDM. It is commonly assumed that the density fluctuations in the Universe
0 are related linearly to the galaxy number fluctuations A through the bias factor b:

A(n,z) = (2.76)

Ak, 2) = b(2)8(k, ), (2.77)

where we further assumed that there is no scale dependency on the bias factor b. This sympli-
fying hypothesis, although prone to errors, is enough to treat the relation between dark matter
and galaxies [24, 20] at first order, meaning that the uncertainties and errors are contained in the
estimative for the bias factor b(z). At higher orders and beyond linear perturbation theory, one
cannot claim this anymore, as nonlinear, baryonic and local galactic dynamics play a major role
in the bias factor, and one can find an introduction to such aspects in [24]. Since in this work
we are concerned with linear perturbation theory and large scales, the hypothesis is sufficient to
take into account all of the physical effects we are interested in.

Assuming the galactic bias hypothesis then, and writing the galaxy number count N(n, z) in
terms of the density and the volume of the redshift slice V', we obtain

Vv

where 0, is the density fluctuation at fixed redshift and dV is the volume fluctuation. The
volume V' of a redshift slice dz observed from a direction —n is given by

N(n,z)=pV (1 +9, + W) , (2.78)

V = 1r2(2)dmdr = r2(z)%d§2ndz, (2.79)

where dfy, is the infinitesimal solid angle at direction —n to the source, and r(z) is the comoving
distance, defined by the radial integral of the line element (2.21)
By using equation (2.64) and the definition of redshift we obtain
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Eo 1 52)
142

:HZ[(l—\I/JrV-n)\O—/:d)\ (\P+<I>)} (2.80)

— O
—_
+
I8}

and by writing the derivative of the perturbed comoving distance r = 7+ dr w.r.t. the redshift

dr déz\ dr 1 d(V -n)/dr
dz_(1 d2>d2_(1+z)% <1+V n+ = > (2.81)

where we neglected the observer dependent monopole term ¥y and the small, integrated ISW-
like integral in (2.64), we are able to write the volume perturbation in (2.79) as

sV d(V-mn)/dr
v H

We are now finally able to write the observed galaxy number count fluctuation (2.78) in terms
of the density perturbations §

(2.82)

n-Vn-V(x,z))

A(n,z) =b(2)d(x,2) — 7 , (2.83)
where x = —rn is the distance from observer in the direction n, r the comoving distance; and
we used vector notation to write the spatial derivative operators 0, = —n -V, V = 9;V. The

last term in the right hand side of (2.83) is called the redshift space distortion effect, a distortion
in the radial redshift measurement due to the peculiar velocity of sources, which is the actual
measured redshift of a source, and needs to be taken into account in surveys.

By doing a Fourier transform of (2.83) and using the continuity equation (2.37a) for the case
of dust, we obtain
p2k? p2é(k, 2)

2 V(k,z) =bd(k,z)— —y (2.84)

This is an approximation of the number count fluctuation measured by galaxy surveys, taking
into account only terms that are first order in #/k [20]. In this derivation we have neglected
small and gauge terms, included in the full equation (2.87).

We also introduce an important function here, namely the growth function, through the defi-
nition

Ak, z) = bi(k, z) —

D dnD

fzﬁ_ dlna’

where D is the growing mode of density perturbations obtained from equations (2.43) and (2.37).
In the dust dominated era of the Universe, the growing modes D do not depend on the wavenum-
ber k [20], such that we may write 0(k,z) = §(0,k)D(z), where 6(0,k) are the perturbations
normalized such that D(0) = 1. The growth function is a measure of the Universe’s growth rate,
taking into account the growth per fluctuation amount.

Using (2.50) and the definition of the growth function in (2.84) we find

(2.85)

Pa(k, z) = Ps(k, 2)[b+ 1 f], (2.86)
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Figure 2.9.: Normalized growth function fog best fit for the ACDM model using data from Planck
satellite and including measurements from large scale structure surveys. Taken from

[48].

which directly relates the observed galaxy number count spectrum to the theoretical matter power
spectrum. By observing galaxy number count fluctuations and calculating its power spectra
(2.86), one is able to constrain the growth function f(z) and test the cosmological model, since
the growth of perturbations is dictated by the evolution equations (2.36, 2.37) and these are
model dependent.

Both the growth function and the matter power spectra at different redshifts have been mea-
sured, and they are in accordance with the CMB measurements of both primordial and late-time
perturbations [24, 20, 43, 34, 46, 47]. This is another success of the ACDM model, which is able
to correctly describe cosmological physics in the redshift range z € [0,1100]. In figure 2.9 we
show the best-fit for the ACDM model for the matter power spectrum using the Planck 2018
release data, and including measurements from other large scale structure surveys; and in figure
2.10 we show the best fit for the normalized growth function fog for ACDM also from [48].

Although equation (2.86) is a good approximation for the observed galaxy number count fluc-
tuations and extensively used in the literature to model the spectra, it could be derived using
strictly Newtonian perturbation theory. One can derive the fully relativistic galaxy number count
using cosmological perturbation theory, taking into account all of the gauge and gravitational
potential effect. This was first done in [49, 37], where its angular and linear power spectra were
calculated as well. Here we write the full result, since we shall make use of it further in the thesis,
without the derivation, which is quite involved.
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Figure 2.10.: Matter power spectrum amplitude at z = 0 best fit for the ACDM model using

data from Planck satellite and including measurements from large scale structure
surveys. Taken from [48].

The fully relativistic galaxy number count fluctuation is given in gauge-invariant form by

A(n,z) =D +<I>+\If+l[¢>—|—5(V-n)}+ H, 2 (\P+V-n+/od)\ (\if+<i>)>
= e H " TR s

1 o rs — 71T
+— | dr(2- Ag | (U +3), (2.87)
rs S T

where Ag is the angular part of the spatial Laplacian, and rg is the comoving distance to the

source.
Its power spectrum is given by

24g [dk, . 2
O (zs) = —= | —~(kto)" " |F (k, z)

2.88
T k ’ ( )

where the kernels are given by

Ho2 1 "2 k
N . . .
FZ (k,ZS) = j[(krs) TD + <1+7'[2+T‘5/)L[> Tq;‘i‘Tcp‘f‘ﬁTcp +_72(k7’5) <?_[2+Ts,}_t> TV+ﬁTV]2/(kT5)

+:S /0 Je(kX) (2 + Ts; Ao+ 1)) (Tw + T )dA + (H + 2) /0 Je(kX)(Ty + To)dA.

H2  ryH
(2.89)

It is useful to restrict the predicted power spectra (2.50, 2.54) to a certain range of redshifts
z and/or a certain range of scales k, since most surveys do not observe all of the night sky and
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redshifts are sliced in discrete bins [20, 24]. In order to do so, one introduces a Window Function
in the equation for the power spectra using the relation

Bl g
[ wee=y)ity) = [ e W), (2.90)

where W(x —y) is a function that selects a given scale. The trivial example would be the
Dirac delta W = 6(x — x¢), which filters any measurement other than at the point xo. In galaxy
surveys it is common to use the Gaussian and the top-hat window functions [20], given by a
normalized Gaussian distribution around a redshift z:

W(z) = 27:0(2) exp (—; (Za(z)0> ) , (2.91)

where o(z) is the variance at redshift z.

By using a window function that filters out scales larger than a given R in (2.50) for the matter
power spectrum, one finds an important relation between the matter power spectrum at redshift
z = 0 and the amplitude of the variation of matter density fluctuations inside a region of radius

R [24]

3
(@) = ok = [ S W) PPa(h) (29)
(2m)?

where we used (2.91) in the definition of the Power Spectrum. As the amplitude of the variance
of number counts, and therefore of matter perturbations, the o measures the deviation from the
average density of the Universe at different scales R. For small enough scales, o2 grows, as one
should expect, since the cosmological principle dictates homogeneity only on large enough scales.
Therefore, one should expect that there is a scale where fluctuations become too large to be
dealt with perturbatively, using linear perturbation theory [24]. In the literature, it is common
to set R = 8 Mpc, such that by measuring ag one is able to measure the amplitude of matter
perturbations today and compare it to the observed fluctuations at higher redshifts. The value
of og obtained from the Planck collaboration results is shown in appendix C.

2.3.6. What is A?

As we have seen, the ACDM is successful in making theoretical predictions at many different scales
and redshift ranges, such that the discovery of the current accelerated phase of the Universe’s
expansion is corroborated not only at the background level but also from the observation of
cosmic structures and the CMB.

As of 2024, the ACDM is still the concordance model of cosmology, although some observations
and measurements could point to a tension in its predicted Hy and og values derived from the
CMB and late-time observations, described and reviewed in [50, 51, 52, 53]. A more fundamental
issue however, is that of the nature of the A term in Einstein’s equations.

The hypothesis of A is one that relies on other assumptions of the concordance cosmological
model, such as the cosmological principle and that the underlying field theory of gravitational
dynamics is General Relativity. If we assume that the value of A is the resting energy of the
vacuum from all the particle fields coupled to gravity, then this values differs from the vacuum
of the Standard Model by more than 60 orders of magniude [54].

Could this discrepancy be an indication of quantum gravity effects, such that for a consistent
theory, that extends the gravitational action to the ultraviolet, the couplings to the standard
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model give the correct value for the vacuum energy? If we assume that the cosmological constant
is actually an energy component of Einstein’s equations, then how should we model it? Is it the
effect of a dynamical scalar field? Why are humans able to measure the effect of the acceleration
of the Universe at the present epoch? [55]

If we leave the cosmological principle behind, it could be that the measured acceleration is in
fact an observer dependent effect due to the incorrect assumption that the Universe is homo-
geneous and isotropic but the actual metric describing cosmological dynamics is inhomogeneous
and/or anisotropic [56, 57].

It could also be the case that General Relativity is not the best theory to describe gravi-
tational dynamics at cosmological scales. There could be additional terms or interactions in
the gravitational Lagrangian such that the field equations (2.1) themselves should be modified.
The standard review for classical modifications of General Relativity, their phenomenology and
consequences in cosmology is [58].

One of the main undertakings of modern cosmology is to test the ACDM model to its full ex-
tension, at ever smaller scales and higher redshifts, where General Relativity and the cosmological
principle have not been tested yet. In order to do so, new cosmological probes and quantities,
some predicted theoretically decades ago but only made testable in the current precision era of
cosmology and state-of-art spectroscopes and satellites [59, 60].

The subject of this thesis, the cosmological redshift drift and its fluctuations, promises to be
a probe into the late-time accelerated era of the Universe, able to test the ACDM prediction of
a current accelerating Universe without assumptions on an underlying metric or energy content
of the Universe, being a direct measure of the rate of change of the redshift (2.11). In the next
chapter we will review the definition of the redshift in cosmology, its phenomenology and current
perspectives on its observation and measurement, as wel as its most promising detection using
the so called Sandage-Loeb test. In order to present the results of this work, we also develop the
mathematical formalism needed to describe the redshift drift in arbitrary spacetimes.
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CHAPTER 3.

The Redshift Drift

In 1962, Sandage and McVittie [6, 7] predicted that the redshift of a source’s spectra in
Robertson-Walker spacetimes (2.2) would generically exhibit time variation due to the expansion
or contraction of the cosmological model.

Explicitly, using the definition of the redshift (2.11), we have, for a small cosmic time interval
AT

Az A fa(ro) _ 1 Aa(ro)  a(10) Aa(rs) _ )
AT AT <a<7'5) 1> a<T5)< AT a(ts) AT > Ho(l +z) = Hs, (3.1)

where we’ve used the definition of the Hubble parameter in the last equal sign (2.6). Assuming
vacuum cosmologies dominated purely by curvature, Sandage calculated that the drift effect, at
present cosmic time 7o, would be of order 10~%km/s yr for a spectra cz at redshift z = 0.4,
where is ¢ the speed of light and assuming Ho_l = 13-10%mr, ¢ = 3-10°km/s for either flat, de-
Sitter or Anti-de Sitter cosmologies, a very accurate prediction for the time, since the Hy value
is close to the concordance one presently. McVittie extended Sandage’s analysis, in an appendix
to Sandage’s paper, to cosmologies with a dust energy component, and obtained similar results
for the magnitude of the effect.

This effect, called the redshift drift, is the main theme of this thesis. Its behavior in cosmological
models beyond homogeneity and isotropy; how to extend the effect to arbitrary spacetimes; its
detectability and importance as a cosmological probe will be studied and analyzed in this chapter,
where we will also lay the mathematical basis for the main results of the thesis in the next chapters.

First, we describe the overall behavior of the redshift drift in Robertson Walker cosmologies
with distinct energy contents, where the Friedmann equation is given by (2.15). We show how
its sign is directly related to the current dominating energy content of the Universe.

After that, we introduce the Sandage test, the main observational proposal to detect the
redshift drift in the next few decades, first introduced by Abraham Loeb [61]. We then review
the developments and proposals in detecting the redshift in the past 3 decades, discuss its planned
measurement through state of the art spectrographs and radio surveys, as well as synergy with
other established cosmological tests.

In the last section, we review in detail the modern mathematical formalism that allows us
to describe the redshift drift effect in general spacetimes, and apply this formalism to the LTB
and Bianchi cosmologies, exact inhomogeneous and anisotropic cosmological spacetimes. This
formalism forms the basis of the main result of this thesis: the description of the redshift drift in
the ACDM model with structures, and its power spectra.
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3.1. Redshift Drift in dynamical cosmologies and ACDM

We start with the FLRW metric (2.2) and arbitrary energy content such that the Friedmann
equations are given by (2.15). From expression (3.1) one can notice that the redshift drift value
is positive if and only if H(z2) < (1 + 22)H(z1). A quick calculation using (2.15) gives us the
redshift dependence of the Hubble parameter for Universes with only one energy component

H(z) = Ho(1 + 2)%/2, matter,

H(z) = Hyo(1 + 2), curvature,

H(z) = Ho(1+ 2)?, radiation,

H(z) = Ho, cosmological constant, (3.2)

such that the Hubble parameter increases with redshift, and in a Universe dominated purely
by matter or radiation one cannot have a positive value for the redshift drift. Extending this
to arbitrary equations of state, and using (3.2) in (3.1), it is clear that for all cosmologies not
including a cosmological constant we have for the redshift drift 2

i=Ho(1+2)— H(2) < Hy(1+z)—Ho(1+2)=0, Qu=0, (3.3)

such that one cannot have a positive value for z unless 254 > 0 or any kind of energy component
violating the weak energy condition, i.e. w < —1/3. In the case of a flat Universe, or at late
times, the only component satisfying such constraint is a dark energy-like component

We are lead to the conclusion that a positive measurement of the redshift drift in ACDM
can only be due to a cosmological constant component Q5. In fact, the measurement of a
positive value for the redshift drift in a flat or nearly flat Robertson-Walker cosmology is a model-
independent way to test the existence of a cosmological constant or dark energy component in
the Universe . We plot this behavior in figure 3.1 for different values of the density parameters,
where one can clearly see the relation between a positive value of Z and the density parameter
Q. Since we observe from the CMB a flat or very close to flat Universe [34], we can safely
neglect both the curvature and radiation components at late times.

Thus measuring the value of the redshift drift at the redshift ranges where we predict a domi-
nance of the dark energy component of the Universe {25 from other cosmological probes is a test
of the A hypothesis. In fact, as we shall see later, recent work points to the redshift drift being
a metric independent probe of Dark Energy and violations of the Strong Energy condition [9].

In fact, one can use the redshift drift to test the acceleration of the Universe without assum-
ing any hypothesis on its energy content or Einstein’s equations. We can use cosmography, a
parametrization of the Taylor expansion of the expression for the redshift around z = 0 [62], and
truncate to 4-th order to obtain

1 1.
a(t) = [1 + Ho(t — to) — §QOH§(t —t9)® + 37/

_a (am\ T L d) (e
=20 (a(t)) - IO =10 <a<t>) ’ (3.5)

0HS(t —t0)> + Ot —to)*|, (3.4)

"We shall refer to any extension or modification of General Relativity and ACDM cosmology that modifies or
makes the Qa equation of state dynamical as Dark Energy.
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Figure 3.1.: The redshift drift z as a function of the redshift z for different cosmologies. The drift
is given in units of Hubble parameter per year.

where ¢(t) and j(t) are the deceleration and jerk parameters, measuring the adimensional
second and third derivatives of the Universe’s expansion, and the underscore ¢ indicates a value
at z = 0. This parametrization has been used extensively as a way to test the cosmological
expansion history without relying on assumptions on its energy content, and the negative sign
before qo is a historical convention. In the 1998 paper by Riess [28] a negative value for the
deceleration parameter was observed, indicating a Universe that is accelerating. To this day, the
main method of obtaining a model-independent value for the Hubble parameter Hy is through
the distance ladder method, which relies only on geometry, meaning the scale factor a(t), and the
physical distance to distant sources through parallax. A review and discussion of this method
can be found in [50].

The distance ladder is not a direct measurement of cosmic deceleration, as it relies on distance
measurements. A direct measurement could be made through the observation of a source’s
redshift drift, as per equation (3.1) one can see that the drift is directly related to the Hubble
parameter difference at different redshifts, and thus of its rate of change, giving us the second
derivative in the cosmographic expansion, the gy parameter [63].

Using that 1+ z = 1/a(t) and 2 = —a/a® in (3.4) and truncating at second order, we obtain
the relation for small redshifts at first order

z= ngO(t — to) = —Ho(]oz. (3.6)

From the above equation we see that once we have a local measurement of the Hubble constant
Hy, measuring the redshift drift means directly measuring the deceleration parameter, which in
our notation is defined negatively, and since ¢t < tg, a positive sign for the redshift drift directly
implies a positive acceleration for the expansion history a(t) of the Universe at low redshifts,
without any assumption on its energy content.

After the detection of the accelerated expansion of the Universe described in the second section
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of chapter 2, Loeb [61] noted that by measuring the direct spectroscopic rate of change of the
velocity of a source, given by

0z
1425’

one could obtain an independent measurement of Hy and qg, without relying on distance
measurements, which have to be calibrated and involves numerous systematics [50, 61], or the
CMB, which relies on a cosmological model (in our case ACDM) in order to constrain the value
of local cosmological parameters. In the context of current cosmological tensions, independent
measurements the Hubble constant could both alleviate such tensions or provide convergence on
a certain value, potentially contributing to the discovery of new physics [50, 53, 51]. Nonetheless,
one could use the positivity of the signal as a null hypothesis test for the late-time acceleration
of the Universe.

Since the velocity direction of sources is randomly distributed in the sky [61, 10], by averaging
over sources one could in principle obtain the value for the redshift drift, which, being of cosmic
origin, should be isotropically distributed [61].

Loeb’s work [61] is the basis of the current observational programme to measure the redshift
drift for the first time, and also the first work to note the fact that one can use the redshift drift to
measure the acceleration of the Universe’s expansion in an independent way. In the next section
we shall describe in detail the Sandage-Loeb” and other observational proposals to measure the
redshift drift, as well as discuss the possible facilities and instruments that could measure the
drift in the near future.

dvs =c (3.7)

3.2. Redshift Drift Detection and Observation

The possibility of using the redshift drift to constrain cosmological parameters and its observa-
tional merits were first investigated in a short paper by Lake [64], and the first full observational
proposal to detect the effect was introduced by Loeb [61]. Loeb’s proposal, also called the
Sandage-Loeb test, is the basis for the current observational programme to first measure the
redshift drift at high and low redshifts, using next-generation spectrographs already in construc-
tion, such as the one in the SKAO survey and the ANDES spectrograph at the ELT [65, 66, 67].
We detail this proposal and the current literature in such a direction, strongly influenced by the
seminal paper by Liske et al [68].

3.2.1. The Sandage-Loeb test

A direct measurement of the redshift drift of a source given by (3.1) needs that one measures its
spectroscopic velocity variation Av in a cosmic time interval Ar. By writing the expression for
the velocity variation explicitly, using in (3.7) the definition of the redshift drift and the Hubble
parameter (3.2), one obtains

Av = (cHyAT) <1 - m) , (3.8)

2In the literature it is common to call the measurement of the redshift drift through extensive observation of sources
on a given timescale the Sandage test[3], whereas the Sandage-Loeb test is used in relation to observations of
the Lyman-« forest. We shall focus majorly on the Sandage-Loeb test, such that we won’t make such distinction
in this thesis.
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and we are able to estimate the expected value of the velocity fluctuation of a source’s spectra
at a given redshift zg, given the cosmological densities of matter, A and the Hubble constant Hy.
Using an Hy value of 70km/s/Mpc, the effect is of order 10~3km/s yr, 3 orders of magnitude
smaller than the spectroscopic velocities due to the Hubble flow of distant objects.

A naive estimate for contaminating effects due to the local gravitational potential ¢ of sources
and their peculiar accelerations and velocities apec and dv, done by Loeb using (3.8), shows
that peculiar velocities contribute to a small dv/c correction to the redshift drift, quite smaller
than the cosmological term Hyc; for peculiar accelerations, which are related to the potential
via apec ~ /L, with L a characteristic scale of the galaxy or cluster, only virialized, very dense
localized environments, of order § ~ 10* of the average density can contribute to the effect, due
to the observed average density of virialized structures [61]. These estimates can be made precise
using cosmological perturbation theory, one of the main results of this work [10].

The Sandage-Loeb test, devised in [61], consists of observing the spectroscopic velocity variation
(3.8) of a certain set of bright or well-resolved sources over a significant amount of observational
time A7 > 10%yrs. Loeb used the then state of the art HIRES spectroscograph at the Keck
telescope [69] (not to be confused with the currently under construction HIRES spectrograph at
the ELT) and the above estimates of contaminating effects on the signal to study the feasability
of observing the drift using three kinds of astrophysical sources

e The Lyman-a absorption line of the continuum flux of QSOs, which have a narrow width
and are abundant up to very high redshifts. At the time, ~ 10? quasars with observable Ly-
« forests could be observed from ground telescopes, and using the HIRES pixel resolution
of 2km/s per pixel and a 10% flux fluctuation per pixel of the Ly« flux, Loeb estimated
that one could detect the drift signal within 1o in the timespan of a century A7 = 103yr
by observing tens of quasars, and of a decade by observing ~ 10 quasars.

e Galaxies, which are much more abundant than quasars, and have a very stable cumulative
spectra. Since galaxies are on average two orders of magnitude fainter than quasars, one
would need a greater experiment time A7 ~ 10%yr in order to compensate for the harder
to resolve spectrum. Although unpractical on human timescales, the spectra of galaxies
lensed by clusters have a time-delay of the order of At ~ 102 — 103yr, such that one could,
in principle, compare the spectra of the observed lensed images in order to constrain Aw.

e Absorption lines with sharp spectral features, such that one doesn’t need as much resolution
in observing the spectra as in the Ly« case, such as the HI lines, further investigated by
Liske et al [68].

In the context of spectroscopy, systematics related to redshift precision are also involved,
namely redshift binning and sensitivity, such that advancements in spectroscope technology and
redshift surveys can drastically improve both the timescale and the number of objects needed in
order to detect the drift.

From the first estimates obtained by Loeb, Liske et al [68] expanded on prospective candidates
for sources, listing five characteristics that ideal candidates for the Sandage-Loeb test should
possess:

1. Trace the Hubble flow.

Candidate sources should follow the Hubble flow as closely as possible, such that peculiar
motions are small compared to the cosmological contribution to the spectroscopic velocity.
The orientation of peculiar motion should vanish when observing a significant range of
sources, though the effect could still contaminate the observation.
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2. Have the sharpest possible spectral features. A spectrum with sharp features, as
mentioned before, makes it easier to determine the redshift of the source, which is already
difficult due to systematic effects.

3. A target should have as many spectral features as possible.

By extracting the maximum amount of spectral information from a single source, one needs
less observational time in order to constrain the drift.

4. Targets should be as bright as possible.

Bright targets are easier to resolve and need less observation time for detection of spectral
features.

5. Sources should be distributed over a wide range of redshifts.

From figure 3.1 one sees that in ACDM the drift effect has a magnitude that increases
with redshift. Thus higher redshifts could provide greater detectability, and observing the
effect in the z € [0,2] range could clearly demonstrate a change of signal in the effect,
characteristic of an accelerated phase.

It is impossible for an object to fulfill every criteria as, for instance, 1. and 3. are in conflict since
sharp spectral features are most commonly present in high density environments, delving into
nonlinear structures [24, 68] that do not follow the Hubble flow closely. The authors, however,
arrived, as Loeb, at the conclusion the Lya absorpotion line of distant quasars are the best
possible candidates, since they do not fit only one of the criteria, although their spectral lines
are not particularly sharp, being of order 10%km/s, something also noted in Loeb’s work [61, 68].
Quasars closely follow the Hubble flow and their Lya absorpotion line, due to intergalactic HI, are
not connected to the local environment of the quasar. This means that our source is virialized,
its spectra has sharp features; it follows the Hubble flow; it has abundant sharp features in its
spectra, such as metal and molecular absorption lines; and they have been observed up to z ~ 7.6,
with a wide range of z € [2,7.6].

In order to obtain first estimates for the peculiar motion contaminating effects, the authors
derived peculiar velocity and acceleration distributions from Gadget-2 hydrodynamical simula-
tions [70] through random line of sight at different redshifts. The authors then obtained an error
due to peculiar motions of order 10 3cm/s, 4 orders of magnitude smaller than the drift signal,
assuming a decade-long experiment with lecm/s accuracy and ~ 102 absorption lines [68]. We
plot the results in figure 3.2 for the peculiar motion, which provided a first numerical estimate
of contaminating effects for the Sandage-Loeb test. One of the results of this thesis is obtaining
these estimates from first principles, as done in [10].

To model a future measurement of the drift, Loeb et al simulated the spectral lines of Ly«
observers through MC random sampling of a normalized spectrum distribution, detailed in section
4 of the paper [61]. To generate the simulated drift, the authors redshifted the obtained lines
using z = 3, assuming an experiment time of time A1y = 10yrs and using formula (3.1) in the
ACDM case, with cosmological parameters Hy = 70km/s/Mpc, Qp = 0.7 and Q,,, = 0.3. The
result is the subtraction of the two spectras. We plot the resulting drift for a single simulated
Ly« forest in figure 3.3, as shown in the original paper.

It is clearly seen that the drift is highly sensitive to €2,,, and in the corcondance model of
Q= 0.3, Qx = 0.7 one finds a smaller absolute value for the drift. This can be also seen purely
from the theoretical equation for the drift, as one can check the absolute values for the drift in
different cosmologies in figure 3.3.
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Figure 3.2.: Peculiar velocity and acceleration probability distribution function of the absorbing
intergalactic gas for different redshifts using the hydrodynamical simulation described
n [68]. The contaminating effects increase with redshift, with increasing peaks, but
become more concentrated around a single value.

An important result obtained from the simulated spectra and drift in [68] is a phenomenological
estimate on the uncertainty o, in the spectrosopic velocity drift for the Sandage-Loeb test, given
the QSO’s redshift zqso, number of observed objects Nqso, and the experiment signal to noise

ratio S/N, given by
-1 ~1/2 —1.7
N 1
o, =2 (N Qso (I +2gs0) )\ (3.9)
2370 30 )

The details of the derivation can be found in the original paper and we shall omit them here.
This uncertainty has been used to model baseline estimates on current experiments [65, 59, 71,
72, 73] and has been expanded upon in [71]. We plot the resulting curve and the results from
both simulated and real spectra in figure 3.4, taken from [68].

The work done by Liske et al established the feasibility of detecting the redshift (or velocity)
drift with then next-gen facilities, in particular the Extremely Large Telsecope, which, as of
2024, is under construction and slated for first light in 2028. It also provided a basis for future
observational proposals in spectroscopy to detect the redshift drift. In this section we focus on
the ELT, which has as one of its main objectives a first detection of the drift through spectroscopy
[74], and SKAO, which can provide a detection of the redshift drift at a different redshift range,
providing synergy with the ELT measurements [67, 65]. For the interested reader, extensions of
the fundamental analysis done in [68] to other spectroscropic probes and experiments, such as
21cm lines and the CHIME survey, can be found in [71, 75, 66, 76, 77] and references therein.

While the ELT is expected to observe the drift at higher redshifts z > 2, the SKA radio survey
will observe the Universe at smaller redshifts z < 1. The SKA is a next-gen radio survey currently
under construction expected to take radio astronomy and cosmology to new precision standards
[78, 79], observing structure formation and astrophysical phenomena at high redshift and smaller
scales.
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Figure 3.3.: Velocity drift (3.8) obtained through a simulated Ly« spectrum and its drift variation
according to (3.7). Taken from [68].
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Figure 3.4.: Velocity drift uncertainty o, fit from (3.9). Stars are spectroscopic velocity uncer-
tainties obtained from observed Ly« forests, while the blue and green circles are
simulated spectras. Taken from [68].
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Figure 3.5.: Frequency drift measurement using the SKAO survey, given in Hz/12yrs. The dark
and yellow lights are the redshift range coverage of the SKA bands, respectively; and
the curves are based on different ACDM dark energy density parameters 25. Taken
from [80].

Redshift drift detection by the SKAO survey was first explored extensively in [80], and will rely
on measurements the frequency drift of HI neutral hydrogen emission lines which, lying in the L
band of the spectrum, are not affected by atmospheric or ionosphere emissions and are especially
well-suited to trace sources at redshifts z < 1. As first mentioned by Loeb and established in
Liske et al, detecting the drift at the highest possible redshift range is fundamental to significantly
constrain the cosmological parameters, and thus synergy between experiments surveying different
redshift ranges should be a goal for redshift drift cosmology. To achieve a detection of the drift
within 5% accuracy, [80] proposed an all-sky survey using both phases of the SKAO experiment,
with a 12yrs experiment time, observing sources to redshift up to z = 1. In figure 3.5 we show
the frequency drift measurement in the redshift range covered by the SKAO survey and using
the 12yrs experiment time proposed by [80]. An analysis of synergy between SKA, ELT and the
CHIME experiments can be found in [59, 65].

We also note that the difference in the redshift ranges between experiments is intrinsically
related to their instrument capabilities and focus on different ranges of the electromagnetic spec-
trum; SKA in particular will perform stacking of millions of sources at different redshifts [78, 79],
which is only possible to redshifts up to z 1, whereas the ELT ANDES spectrograph will perform
the Sandage-Loeb test of Lyman-« line observations, which are detectable
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3.2.2. Forecasts

With the advent and construction of next-gen telescopes, forecasts and predictions for realistic
measurements of the redshift drift using these new facilities has been a focus of research in the
area in the past decade [66, 65, 81, 71, 82, 73], streamlining the data and statistical analysis
needed for cosmology when facilities enter operation and start gathering spectroscopic data.

Proof of concept measurements of the drift, illustrating possible systematics and experimental
challenges in future measurements, both in the Sandage-Loeb test and using HI spectral lines,
were performed in [75] and [83], both in the optical and radio lines. Such measurements bound
the intrinsic cosmic acceleration of the measured spectroscopic velocity to be of order ¥spec <
10~2km/s yr accompanying the Lyman-« forest of 4 different quasars at z 2.5; and of 10~3km /s yr
through observation of HI absorption lines at z 0.5. Both measurements have low confidence < 3o
and are at least 3 orders of magnitude greater than the predicted drift for objects at the observed
redshifts, such that they serve as a first example in methodologies to measure the effect.

Here we show some of the up-to-date forecasts on the spectroscopic velocity and redshift
drift, as well realistic constraints on cosmology from redshift drift physics. We focus on papers
performing forecasts for the aforementioned experiments SKAO and ELT, and also the synergy
between them. Among them, we focus on the works [73, 65, 81] and references provided therein.

In forecasting future measurements and constraints on cosmology from redshift drift physics,
it is common to adopt the CPL parametrization, which captures the dynamics of interacting and
modified gravity models by adding another model parameter to the Dark Energy equation of
state [84]

z
WDE = Wy + wam, (3.10)
where wy is the dark energy equation of state at z = 0. This parametrization is extensively
used to describe the background dynamics of extensions of the ACDM model without the need
of model specific dynamical equations [85]. A redshift drift measurement can constrain both wg
and w, in a model independent way, and thus distinguish between ACDM and extended models.
In [81] the authors provided first forecasts on constraining dark energy models using the CPL
parametrization by emulating measurements of the drift for both the SKA and ELT facilities,
in addition to the CHIME hydrogen intensity mapping experiment [77]. The authors performed
a Fisher matrix analysis [24, 20] by modeling the drift uncertainty through (3.9) for the ELT,
using the extended analysis of [77] for CHIME and the SKA proposal in [80].
By defining the adimensional observed redshift and velocity drift, .S, and 5, respectively, as

1 Az
oA H(z)
Sy = Av = cHigoAT <1 Hol 1 z)> , (3.12)

where Hipp = 100km/s/Mpc. One can find the sensitivity of the observed drifts S to the
cosmological parameters in the CPL parametrization h, {2, wo and w, from its partial derivatives
in relation to the parameters 05/0,,. The sensitivities are a function of redshift, and thus allow
one to determine the best redshift range for constraining cosmology from observations of the
drift. In figure 3.6 we show the redshift dependence of the sensitivities for each parameter in the
CPL parametrization, first derived in [81]. It is interesting to notice that both sensitivities S,
and S, in relation to all parameter except €2, are higher at redshifts z < 2, which, as previously
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discussed, is the range which the SKAO survey will cover, making it particularly well-suited for
using the drift to constrain these parameters.
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Figure 3.6.: Spectroscopic velocity and redshift drifts for cosmological parameters in the CPL
parametrization 05/0w;. Taken from [81]. Notice how the dependency on h changes
sign, as this tracks the cosmological dynamics.

From the sensitivities, the authors performed a Fisher matrix analysis [24, 20, 59] to obtain
constraints on the cosmological parameters based on each experiment observation time and uncer-
tainty. For the ELT, the authors modeled the uncertainty on the velocity drift through equation
(3.9) and assumed four drift measurements at z = 2.0,2.5,3.0,3.5,4.5 and an experiment time
of A1 = 20yrs; for SKA the authors assumed measurements at redshifts z = 0.1,0.2,0.3,0.4,0.5
with uncertainty o,(z) = 2z/10 and an observation time of A7 = 0.5yrs per redshift; and
for the CHIMES experiment, the authors assumed measurements at redshift bins centered at
z = 1.0,1.4,1.9,2.3, uncertainties given o, = 0.8,0.9,1.3,1.4cm/s, with an experiment time of
AT = 10yrs.

To perform the full Fisher matrix analysis the authors also derive the Figure of Merit F'oM of
the CPL parameters for the predicted measurements. One can find the definition of the Figure
of Merit FoM of two parameters X,Y, a quantity related to the certainty on their measurement,
in appendix B.

In table 3.1 we show the results for ACDM, and in figure 3.7 we show the 1o contour curves
for certain parameters in the CPL parametrization, both taken from [81]. Forecasts including
cosmological priors from the Planck experiments are also included in the results of the confidence
contours.

It is clear that the figure of merit and uncertainty dramatically improve when all measurements
are combined. Figure 3.7 also shows the improvement when combining the measurements. Al-
though the contours are not better than constraints from CMB and LSS [81], by including priors
from these cosmological tracers, such as results from the Planck and Euclid missions, these are
dramatically improved. A detailed discussion on the impact of these priors is found in the above
reference.

In the papers [65, 73] the authors expanded the forecasts for the SKA and ELT experiments
to derive constraints on the cosmographic parameters (3.4) and the second time derivative of
the redshift Z, performing a full cosmographic analysis from redshift drift physics. Although in
principle it should be possible to constrain cosmology up to the second derivative of the scale
factor a(t) through observations of the redshift drift, this is also very dependent on the observation
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Parameter ELT | SKA | CHIME | All
C(h, Q) -0.930 | 0.993 | 0.721 | 0.902
FoM (h, Q) 86 903 85 3505
() 0.047 | 0.042 | 0.028 | 0.011
o(h) 0.293 | 0.096 | 0.265 | 0.027

Table 3.1.: Results of the Fisher Matrix analysis done in [81] for the ACDM model. The first line
shows the correlation coefficient C' for the two parameters, the next one the Figure
of Merit FoM, and the last two the one-sigma marginalized uncertainties for the two
parameters. The All case corresponds to the combination ELT+SKA+CHIME. Taken
from the same reference.

time and synergy of future facilities.

We conclude this section by emphasizing that although there are a handful of works on forecasts
for the experiments currently under construction that will have the capability of measuring the
drift, there is still work to be done in modeling uncertainties and systematics in the future
observations of the drift. Much of this work will only be possible once the full specifications of
the instruments built are available [81, 59] and actual research plans are set. Thus, much of the
work on this topic is a baseline for future experiments and observations. Beyond the ELT, SKA
and CHIME surveys, one can also find proposals for new ”accelerometers” and forecasts on these
experiments in the references [75, 74, 82].

3.3. The Redshift Drift in General Spacetimes

The discussion in the previous section establishes that the redshift drift unambiguously distin-
guishes an accelerating cosmological expansion without relying on any assumptions on the energy
content of the Universe. Our discussion, however, has relied on the background FLRW metric
(2.2) as the metric that describes large scale cosmological behavior, a fundamental assumption
of the ACDM model. We concluded using this assumption that the detection of a positive signal
of the redshift drift at redshifts where the A term dominates is an independent evidence for dark
energy.

The (statistical) cosmological principle and the existence of a dark energy component in the
energy content of the Universe discussed in chapter 2, although paradigms of the concordance
model, are theoretical hypothesis that can not only be tested by cosmological observations that
do not rely on their assumptions, but avoided altogether in alternative cosmological models.
Theoretical proposals such as backreaction and inhomogeneous cosmological models [86, 87, 88|
and previously mentioned modified gravity theories [58] propose an alternative cosmology where
Dark Energy could be explained by the effects of a different underlying metric or geometry of
the Universe.

With the possibility of testing cosmological scenarios beyond the cosmological principle and
the ACDM paradigm, it is important to understand the definition and behavior of redshift drift
observations in these alternative scenarios, such that one can properly make sense of a measure-
ment that doesn’t rely on these assumptions. Theoretical developments in this direction have led
to the proposal of using the redshift drift as a probe of the Copernican principle when combined
with cosmological distance data [89], able to constrain deviations from homogeneous spherical
symmetry, such as in the LTB case [90, 91, 89, 92].

Furthermore, although there has been work in modeling the impact of contaminating effects
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Figure 3.7.: Contour plots for 1o constraints on a set of cosmological parameters in the CPL
parametrization. The solid blue, green and yellow lines are the results obtained
from the ELT, SKA and CHIME experiments, respectively. The solid red line is
the combination of all three results. Dashed lines include priors from Planck and
Euclid-like missions. Taken from [73]

and local cosmological behavior on redshift drift measurements [93], a full theoretical treatment
for the perturbative effects arising from inhomogeneities due perturbations in the metric (2.21)
has been lacking, though a first approach was laid out in [93, 94]. One of the main results of
this thesis is a first treatment of such kind from first principles, relying on the formulation of the
redshift drift in cosmological space-times beyond the background FLRW metric.

In order to fully model the redshift drift and understand its behavior in full generality, one
needs to extend the definition (3.1) to arbitrary space-times. In this section we develop the
redshift drift formalism in general space-times, following the recent work in the area by Heinesen
and Koksbang [8, 9, 95, 91], which builds a generalized redshift drift multipole expansion in terms
of kinematic quantities, allowing one to build a model-independent cosmography. We’ll show how
this formalism reduces to the usual drift equation (3.1) in the FLRW case, and apply it to two
important cases: the LTB and Bianchi I metrics. We’ll also show that, with some assumptions,
violations of the weak energy condition correspond to positive values of the redshift drift, an
important result first derived in [9].

As a quantity defined on null geodesics intersecting an observer’s worldline, the tool used to
describe the redshift drift and its dynamics in arbitrary spacetimes is the mathematical formalism
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of null geodesics in pseudo-Riemannian manifolds, the main object of study of gravitational
lensing theory. Here we will define the redshift drift through this formalism and proceed to use
the multipole cosmographical expansion described in [96] to study its behavior. The mathematical
theory of gravitational lensing can be found in the important references [97, 98, 99].

3.3.1. Redshift Drift definition and expansion

Let O and S be arbitrary observer and source, respectively, with worldlines y» and s, parametrized
by proper times 7o and 75, and having 4-velocities ué and ug The source S emits a signal ob-
served by O, which is in turn parametrized by a null-geodesic congruence tangent 4-vector k*.
We illustrate the geometrical setting of the events in spacetime in figure 3.8. We assume that
the null geodesics in the congruence are free of caustics, such that the induced map between the
observer and source proper times 7s — 7s(7o) is bijective. Then we can define the redshift z
measured by the observer O at proper time 7y

Figure 3.8.: Observer and source worldlines connected by a null geodesic defining the light sig-
nal emitted from the source. Here £ is the source (or emitter) and w* is their
4-acceleration. p* is the null geodesic parametrizing tangent 4-vector, and ~y the
null geodesic. Taken from [97].

Z(T ) = USH(TS(TU))]{;M 1= ES(TS(TO))

won (70)# = " Fo(n) -1, (3.13)
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where we implicitly defined the energy at the source and observer in a similar way to definition
(2.64). By taking the derivative in relation to the observer’s proper time 7o we obtain

dz(79) _ EodEs/dto — EsdEop/dro _ dEs/dro 0+ z)dEO/dTO
iro |, £ o Fo
K E K E
Eo Eo

where we used the fact that the observer and source 4-velocities are tangent to their worldlines,
and the chain rule

d J—
.
It is easy to see that (3.14) reduces to (3.1) in the case of a comoving observer in the Robertson-
Walker metric. This definition is general and independent of space-time and the congruence of
either observer or source.
We extend the definition of the kinematic quantities in (2.31, 2.32) to general spacetimes
writing

m
u; V.

1
0=V, o= PﬁPfVauﬁ — gP,f‘PMVQUﬁ, (3.15)
Wy = Pﬁva[auﬁ] , ad'=d'V,u,, (3.16)

where Pg‘ =g tuugis the projection tensor onto the space-like hypersurfaces parametrized
by the 4-velocity u*. We call 0, o, w and a the expansion, shear, vorticity and acceleration of
the space-like congruence.

By assuming that both observer and source follow the same global spacetime congruence defined
by a 4-velocity u*, which in the FLRW case reduces to events comoving with the Hubble flow,
we can decompose the signal tangent 4-vector k¥ into normalized spatial propagation e* and
spacetime propagation u* vectors as [20, 97]

k= E(u" —e"), e'e, =1, (3.17)

where we dropped the subcripts. Note, however, that the velocity and energy are still dependent
on observer and source, since the events have their own proper time. The 4-vector —e*, in this
case, is interpreted as the spatial propagation vector of the light signal directed at the observer.

Using the kinematic quantities above and the decomposition of the photon tangent 4-vector,
one can define a measure of the spacetime expansion along a geodesic 4-vector k*, which in the
FLRW case reduces to the Hubble parameter (2.6), as
_k:“ZSLE = g —ela, +el'etoy,, (3.18)
where once again we dropped the subscripts since the kinematic quantities are globally defined
by the 4-velocity congruence. The equality can be easily derived by a quick calculation and the
use of the parallel propagation of the null tangent vector k. We’ll call §) the generalized Hubble
parameter.

Using this generalized Hubble parameter in definition (3.14), we can write the general redshift
drift in a form that closely resembles (3.1)
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dz

— = — (14 =z 5 , 3.19

dT\O Ho — (1 +2)Hs + 8550 (3.19)
where the term ss_,¢ is the variation of the spatial propagation vector e# along the path from

source to observer, also called the direction drift,

eV, E

eV, B
5850 = E

—(1
(I+2)—p
@ S
In the FLRW case, we have $) = H and ss_,o = 0, such that equation (3.19) reduces to (3.1).
Equation (3.19) is fully general and conditional only on the existence of a global 4-velocity field

defining a time-like congruence for events.

(3.20)

Figure 3.9.: The redshift fluctuation as the difference between two measurements by the observer
O of a light signal emitted by source S at different proper times, as described in
equation (3.14). Taken from [10].

3.3.1.1. Multipole Expansion and violations of the Strong Energy Condition

The direction drift (3.20) can be written as an integral on the photon geodesic with tangent
4-vector k* as

As n
k V“E) : (3.21)

5550 = Eg/ d)\I, I= —k‘ava < 2
Ao

where the parameter \ satisfies the curve-length parametrization property V, kA = 1. The
integrand Z, a measure of the instantaneous variation of the rate of change of the photon’s
energy in the photon’s propagation direction, can be further expanded into a multipole series on
the photon’s spatial propagation vector e by rewriting it as [906]

1
I=e'V,H+e'a,$— ﬁp’fjﬁka(e”)qu, (3.22a)
Lin(e”) = pLia(e”) + k'’ a, + 2eMu”IV, B, (3.22b)
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where p*¥ = PF — ete” = g 4+ utu” — ete” is the projection onto the subspace generated by
the hyperplane perpendicular to the 4-vectors k* and u*, also called the Screen or Sachs Screen,
and Ly (e”) = [k%,€"] = k*V ¥ —e*V kY is the Lie derivative of e# in the flow direction of k*.

We can further expand expression (3.22a) and write it using the kinematic variables (3.15) to
obtain the final multipole expansion

I =1+ eI} + d'Ti+ete’Ti+etd'Til+ete” el IEC, (3.23)

where the multipole expansion coefficients are given by

1
A —§(4w“”ww/ + Dja + atay) — hydtd”

1
d — v, v
II»L = g(DN'H + eau)‘F*P p(D(po-p,y) + a(pauu)) —2a wl’”’ ’
d
Iu = —2ay,

I =~ (4wa”0?‘, + 4wa<uw%> + Dyayy + aan)) ,

74 = Aow —wuw) ,
yivp = DipOuny + a(p0u) (3.24)
and we defined the projection of the spatial propagation vector covariant derivative on the
Sachs Screen d” = p;e®V,et, denoting the covariant derivative projected along the space-like
congruence by D), = PV, and (;;) denotes the trace-free symmetric part of the spatial projection
of the tensor, defined by

1 a
T(NV> = T(,u,l/) — gpuyg BTQB, (325)

where () denotes symmetrization of the tensor.

The derivation of the multipole expansion can be followed through in the original paper [96].

Expression (3.23) was first derived in [96] and fully characterizes the direction drift through
the kinematic variables. The expression includes all the terms for the multipole expansion, such
that truncation is exact and includes all the non-vanishing terms.

In the case of a perturbed FLRW metric, with kinematic variables given by (2.32), the pertur-
bations are averaged out for a large number of observations, such that the average redshift drift

satisfies
(%] ) =50y + (1-+20)000) + 55 { [z

o

o N
=Hy—(1+2s5)H(z) + Es//\ d\(T)

= Hy— (1+ 25)H(2), (3.26)

where we used that the only non-vanishing contribution from the kinematic quantities comes
from the expansion §. This result is expected: fluctuations shouldn’t contribute to the average
signal of the drift. It also makes precise the idea that cosmic structures shouldn’t affect the sign of
the redshift drift, and a positive signal could not be detected due to fluctuations from homogeneity
in the Universe. In the general case, even with the hypothesis of average homogeneity and
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isotropy, one cannot guarantee that the contributions to the multipole terms (3.24) will cancel
out on average, such that deviations from homogeneity and isotropy could change the drift signal
entirely [96].

One can extend the multipole expansion for the direction drift (3.23) to write the general
redshift drift (3.14) as a multipole expansion over the spatial propagation vector. By writing the
time part of the right hand side of (3.14) as an integral

Ao
Ho — 1+ 2)Hs = / ddA, A=KV, <ﬁ> , (3.27)
As E
we can write
dz Ao
ad :/ NI, TI=T+A, (3.28)
dT O )‘S
and the A can be expanded as
_ 0 e vV p€€e v eee 1% K peeee
A=A+l Aj +el'e" Al +efe’e’ A +eleele" AL (3.29)

where the coeflicients are given by
1 2 3 1
AY = —gRWu“u” + gD#a“ — 50'“”0;“/ + gw’“’wwj,
i

2
AS = —gﬂau +a" o+ a"wy,

1 2
— gD,ﬂ - EDVOJ;L - hZa,, 5

o o 9 o a
AMV = 3a<ualj> — 20a'uw v ?UO‘O‘U l/> + wa(uw l/)

1
+ 2D<Mal,>—upu"Cle,—§h°‘ h€>Rag,

(e
piop = —Dp0u) — 5ag,0up)
AZ?Jepefﬁ = 30<uygpn) ) (330)

where Cy,g, is the Weyl tensor. Once again we note that the expansion is exact and includes
all non-vanishing terms for the multipole coefficients. It was first derived in [8], and we shall
follow the reasoning in the paper to derive an important result with the help of this multipole
expansion.

Using (3.23) and (3.29), we can write the redshift drift entirely in terms of the multipole
expansion over e using the kinematic quantities and their derivatives, and rewriting the integrand
in (3.28) as

=10+ eIy, + d“HZ + ef'e”I1};, + e“d”HZ‘Iij + ele’ el o, + el'e’ePe "I (3.31)
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where
1 1 1
n° = —ngu“u” + gD“a“ — ga“au

3
v %
—d'd, — ga" O — W w

1 7 )
I, = —5{9@“ + 5a,,a’; —a’wyy — hyay,
d _
H;U' = _2(1”7
9
Hfﬁ, = 2a(,a,) — ?Jawai) - 3wa<#w‘fj> — 60q,W9,
- Lo,
+ D(Hal’) —uPu Cp;wl/ — §hC<Y“hV>RaB ,
szu = 4o — W) ,
jwp = ~40(u00p)
110 = 30 (w0 pr) » (3.32)

where we used "= u”V,. For a derivation of (3.30) and (3.32) the reader is referred to [8].

In the FLRW case, the only nonvanishing contribution comes from the monopole — %Rwu"u” =
d/a, such that the integral in (3.28) reduces to the usual expression (3.1).

One can make the physically motivated assumption that the dominant term in (3.31) is the
monopole, such that higher order terms, explicitly dependant on the photon’s direction, do not
significantly modify the photon’s spatial propagation. Although this is false in general, when con-
sidering physically well-motivated spacetimes describing the large-scale dynamics of the Universe,
one expects that the kinematic properties of its energy content should not be strongly observer
or direction dependent, since we observe a Universe that is close to statistically homogeneous
and isotropic. Another physical interpretation of this assumption is that the kinematic evolution
of the cosmic fluid happens at a time scale much slower than the photon’s propagation to the
observer time scale, which is also well-motivated from an observational perspective, based on the
discussion in chapter 2. A more in-depth discussion of this hypothesis and its physical motivation
can be found in the original papers [8, 95, 96].

An important application of the multipole expansion, explored first in the papers [91, 100], is
a comparison between the redshift drift average and the average of the drift, which should not
necessarily match in a locally inhomogeneous or on average inhomogeneous Universe, since the
average redshift drift, due to the overall cosmic acceleration, should match the average of the drift
of sources in the local Universe only in the case of statistically homogeneous models. Equation
(3.26) shows that small fluctuations due to cosmic structures should not impact measurements of
the drift, since perturbations average out over an ensemble of measurements. Thus comparison
between the average of the drift and the drift of the average redshift can be used as a test for
cosmic homogeneity.

In the case of a dominant monopole term, we have for the redshift drift

Ao
=Es dAIT°, (3.33)
o As

dz

dr

where we note that all terms in II° are strictly negative with the exception of —%(Rwu“u” —
D,a" + aya*). Thus, in order for the redshift drift to have a positive value, one either has
R, utu” <0 or D,a* — ayat > 0. In the case where D,a* — a,a* > 0, the photon path along
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the null geodesic would need to have a particular alignment with the observer’s comoving 4-
acceleration along the whole photon’s trajectory, such that the integrated contribution would be
net positive [8]. This alignment, although not impossible, is not physically motivated in general,
and in Universe models with some degree of statistical isotropy should not be expected.

The case where R, uu” < 0 violates the strong energy condition [98]. Thus, in order for the
redshift drift to be positive under the dominant monopole assumption, unless there is a strict
alignment between the photon path and the observer congruence 4-acceleration a*, one needs a
violation of the strong energy condition. This generalizes the result found in FLRW cosmology,
where a positive redshift drift indicates a cosmological constant A component in the Universe’s
energy content. We can summarize this result in the statement

Zé >0 <= Strong Energy Condition is violated. (3.34)
@]

The hypotheses behind this conclusion, namely the dominant monopole assumption and the
lack of alignment of the photon path with the observer’s co-moving 4-acceleration, should be
true for physical spacetimes describing the behavior of the observed Universe, and are true
in spacetimes with no local homogeneity or isotropy, such as LTB and Bianchi I cosmologies
[91, 101, 102].

This result is important in two ways: For one, it establishes theoretically that the redshift drift
is a direct probe of violations of the standard energy content of the Universe, which we know
to be true in the FLRW case; and secondly, it extends the idea to more general spacetimes and
cosmological models, including cases where homogeneity and isotropy are not necessarily true
at certain scales, being a probe into violations of the Strong Energy Condition in cosmological
spacetimes. In particular, perturbations to the FLRW metric, satisfying large scale homogeneity
and isotropy, cannot contribute significantly to the redshift drift signal. Even in inhomogeneous
and anisotropic models, one cannot detect a positive value for the redshift drift due to cosmic
structures or kinematics.

For a thorough discussion of this result, the reader is referred to the original paper [9].

3.3.2. Lemaitre-Tolmann-Bondi and Bianchi | spacetimes

As an illustration of the results on extending the redshift drift definition and its cosmographic
expansion to general spacetimes, we apply the formalism to two important cosmological models
which are examples of locally inhomogeneous and anisotropic models.

The Lemaitre-Tolman-Bondi metric is given by the line element

aﬁ(t, T)

ds® = —dt? + —1—
5 + 1—k(r)r?

dr? + a3 (t,7)r* (d6” + sin*(0)d¢?) , a| = %(T@L), (3.35)

where k(r) is the LTB curvature function, which depends on the spatial coordinates; and a) and
ay are the parallel and perpendicular scale factors, respectively. The dependency of a and a
on the radial coordinates makes explicit the inhomogeneity of the model, where radial distances
are coordinate dependent. In the limit case where a = a, and k is constant, the metric reduces
to (2.2). Furthermore, in our model we assume that the energy content is given entirely by a
dust component p = 0.

In the multipole expansion (3.31) the only nonvanishing terms are given by [91]
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3
n° = R, ufv” —d,d — BUWUW,
Hfﬁ, = —uu’Cpuou,
el = 4oy, (3.36)

The Ricci term in (3.36) is —R,, utu” = —4wGp/3, such that the multipole expansion reduces
to the standard FLRW cosmology in the trivial case. The redshift drift can then be written as

TO
%‘ = ES/ dr [—Mp —d,d" — §JWJ’“’ +4o,et'd” — Cpugpufuele” | (3.37)
drlo s 3 )

where the explicit coefficients for the Weyl and shear tensor can be found in [91].

In expression (3.37) it is clear that if the monopole term dominates and the drift flux along
the propagation direction d* is small , the signal is strictly positive, and in the LTB case reduces
to the FLRW result. The amplitude of the inhomogeneous shear and Weyl tensors depend on
the metric functions in (3.35), such that for small deviations from the FLRW case, the dominant
monopole approximation is valid.

In the works [91, 100], through simulations of the LTB model and n-body simulations based
on an EdS background with a local inhomogeneity profile, the authors found results pointing to
an average cancellation of inhomogeneity effects when observing the redshift drift from different
sources, such that the average drift matches the drift of the average redshift. In this case, the
fluctuations along the photon path due to the inhomogeneity of the model cancel out and the
remaining contribution to the background acceleration is due to the Ricci focusing term in (3.37),
dominates over the contribution from higher multipoles. Although further work in deriving the
drift by simulating inhomogeneous cosmologies is needed, the results support the validity of the
dominant monopole approximation in realistic inhomogeneous cosmological models.

In the case of anisotropic cosmologies, we choose the Bianchi I metric as an example, with line
element given by

3
ds? — —di® 4 <625i(t>5ij dzidxj) : Z B = 1. (3.38)
i=1

The different scale factors for each direction in the definition of the above metric are responsible
for the anisotropic expansion of the cosmological model. With the above metric, the nonvanishing
multipole coefficients (3.24) are the same ones as in the LTB case (3.36).

Denoting derivatives w.r.t. cosmic time with ', and defining an effective Hubble parameter H;
as the rate of expansion in a given direction x;, we can write

H;(t) = 26i(t), 0= > Ht)

2 0 1 A
=5\ Hi—5 ], y”l’:*g Hi—2), :
o 3( 3> e 3 < 3) (3.39)

where the non-diagonal and time components of the shear tensor vanish. The Weyl tensor in-
volves second derivatives in cosmic time, so keeping to first order and assuming a source comoving
with the observer, we get
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_‘“T?)Gp_;;(gi_zfl, (3.40)

showing that even in the idealized case where source and observer follow the same congruence,
the effect of an anisotropic expansion could lead to a negative signal of the drift, since the second
term in the right hand side of (3.40) is strictly negative. In such a case, measuring a positive
value of the redshift drift can also constrain cosmic isotropy, and in particular the cosmic shear
0w, when averaged over the sky. This has been explored, for instance, in [102], where the average
drift and the drift of the average redshift were compared as a test of cosmic isotropy.

TO
%‘ = ES/ dr
drlo -

S
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CHAPTER 4.

Perturbations of Cosmological Redshift Drift

The forecasts and predictions for the contaminating effects in observations of the redshift drift,
due to the peculiar motion of sources described in 3, are based on naive estimates for the fluctu-
ations in the redshift drift signal. The peculiar velocity, potential and acceleration contributions
to the total drift signal have been estimated using phenomenological and experiment-dependent
simulations of the source’s peculiar motion, such as in the analyses found in the papers [68] and
[82], based on the same phenomenological assumptions first laid out in [61]. A first prediction on
the contribution from cosmological structures was performed in [94], and an approach aimed at
obtaining a full, general expression for the redshift drift using cosmological perturbation theory
was performed in [93], although the authors made the assumption that sources are comoving with
the observer, such that their peculiar velocity and acceleration vanish identically.

In order to model a measurement of the redshift drift including all contaminating effects and
fluctuations in full generality, one should take into account all perturbative effects to the signal,
including effects due to structures in the Universe, which photons pass through in their path from
source to observer, as well as the scale dependency of the velocity and acceleration of sources.
Working from first principles in perturbation theory and using gauge-invariant quantities one can
also better understand the contribution from different perturbative effects to the total redshift
drift, in an observer independent way, not relying on ad-hoc simplifications.

Furthermore, the power spectrum of the redshift drift fluctuations is a fundamental tool to
connect the theoretical predictions for the redshift signal to observations from large scale surveys
such as SKA, allowing one to to understand how the observed signal varies with scale and red-
shift. Through the derivation and numerical implementation of the redshift drift power spectrum
in established Einstein-Boltzmann codes such as CLASS [40], creating pipelines for forecasts
and statistical analysis of experiments becomes straightforward and allows easy integration with
MCMC sampling and regression.

This chapter provides a full derivation of the general, gauge-invariant expression for the redshift
drift in ACDM cosmology including fluctuations due to cosmic structures and the peculiar motion
of sources, at first order in perturbation theory. Our work extends the first approaches found
in [94, 93] to arbitrary sources, observers and gauges. We also derive the Power Spectrum of
redshift drift fluctuations and obtain first predictions by modifying the Einstein-Boltzmann code
CLASS and analyze its correlation with the relativistic galaxy number count.

We first obtain the gauge-invariant expression for the redshift drift in ACDM cosmology, using
the cosmological perturbation theory laid out in chapter 2 and the general redshift drift definition
and expansion described in chapter 3. Our approach is gauge-invariant and does not make
assumptions on observer or source. We obtain a general expression for the redshift drift including
all first order terms.

Secondly, we derive the theoretical angular power spectrum for the redshift drift fluctuations

53



Perturbations of Cosmological Redshift Drift Section 4.1

and implement it in the Einstein-Boltzmann code CLASS by modifying its transfer function
module. This allows us to better understand the contribution of different contaminating effects

Finally, we correlate the redshift drift fluctuation power spectrum and the galaxy number count
power spectrum to explore the possibility of using the number count both as a enhancement in
the detection of the redshift drift signal and as a complementary observation able to differentiate
between the background signal and the fluctuations.

We finish the chapter by discussing how our results impact the literature and contextualize it
with the previous results discussed in the last chapter. This chapter follows closely the paper
[10], published by the author and collaborators in JCAP.

4.1. Gauge Invariant Redshift Drift

In a perturbed FLRW the observer’s 4-velocity and the energy content of the Universe, which we
assume to be a perturbed perfect fluid comoving with the observer, without loss of generality, is
given by the expressions (2.27) and (2.29) respectively. In (2.63) we have the perturbed photon
4-vector in Newtonian gauge, which we now write in full generality using the metric (2.21),
following the derivation found in [20]. The perturbations of the photon 4-vector are determined
by integrating the geodesic equation Vik = 0 in the perturbed spacetime. One obtains

_ _ 1 .
B= kP4 0kP with kM= —(1,7))  and (4.1a)
a
0 1 0 1 7], @) o . . . —a—b © _a
3 = gin® = o [24 - Bywd)§ [ = A Hran®a® - Bt b, (41)

7 1 [ 1 ) —1 1] — © © 7 —a=bqai
Sk = —goni = — [—B +2H R +HTnj} — [ ax [a (Hp — A) + 7 n8HTab] ,
a S S
(4.1c)

where 72’ is the unperturbed direction of the photon geodesic satisfying 7;7 = 1. The integrals
are performed along the unperturbed photon geodesic in the background spacetime from source
to observer, and A\ denotes the affine parameter along the null geodesic. The spacelike direction
propagation vector e orthogonal to u from defined in (3.17) is then given by

1 1, . . . 4 4 )
et =ut — Ek“ = ("(B; —v;) , —a" —én' +v' + 7' (A+n!(Bj —vj) +6n)) , (4.2)

and the full perturbed expression for the photon energy is given by

1 A
E =~k = — [1+A+7"(B; —v;) +0n°] . (4.3)

With the observer, stress-energy tensor and photon 4-vector perturbed quantities, we find the
expression for the Hubble parameter in the perturbed FLRW spacetime using (3.18),

H= g —ela, + el'et'oy,
1 Av . i . o . 1 .
:a H(l—A)—?+HL+n18 (U—B—A—F’H(—B—H)))+ninj8i8j(HT—v)—§A(HT—v)
= [7—[(1 A+ R -7, (v FHV - xp) - ﬁzﬁj@'aﬂ/] , (4.4)
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where we use the variable R = Hy, — %AHT, the spatial curvature perturbation of constant
time hypersurfaces. It is clear that this expression is not gauge-invariant, since its background
value is the Hubble parameter which is non-vanishing.

To obtain (3.14) we also need to calculate the differential of the energy along the photon
geodesic propagation direction, given by V.E = e*V,FE, which we integrate along the photon
path. By direct calculation, using (4.1) and (4.2) we obtain

1 .. o .
Ve =—— [7°0;(A + 6n®) + a'n? 9;(B; — vj) + HA'(B; — v;)] - (4.5)

We now express V.FE in terms of gauge-invariant variables. In order to arrive at such an
expression, we first express the integrand of (4.1b) in terms of the Bardeen potentials using the
relations given in Appendix A:

Hp, — A+ Hrgn®a® — Bya® = —® — W — Hy + B + 2'a?9;0;Hr + 7'0;B . (4.6)
Next, we use the partial integration formula for a first order quantity f

df . , < A & .
—=V,f=f+r0f = / d)\ﬁzaif:fo—fs—/ axf (4.7)
dA S S

in order to turn the spatial derivatives in 7'9; B and n‘n/ 81-8]-HT into time derivatives, resulting
in

0 O . . . .. ..
/ dX [HL — A+ Hpgn®n® — Baﬁ“] = — / A\ (®+V)+(Bo—Bs)+n'0;(Hp—Hyp)—(Hp—Hy)
S S
(4.8)
In the next step, we evaluate

o

on’|§ = [24 - Bjﬁj]i? — / dX [HL — A+ Hpgpn®nb — Ban®| . (4.9)

S
From here on, we neglect observer dependent terms, related to the monopole and dipole contribu-
tions similar to the CMB terms described in chapter 2. These terms give rise to an unmeasurable
observer monopole, and an intrisic dipole contribution due to the peculiar motion of the observer.
This contribution has been previously studied and constrained in [103], and can be separated from
the cosmological signal. Neglecting the observer terms in dn° we obtain

@
on’ = —24 — n'0io¢ + o — / dA ((I) + \If) , (410)
S
where we drop the source label S, such that if not specified differently, all terms are to be evaluated
at the source. Using again the relations given in Appendix A, we arrive at the following expression
for V. F in terms of gauge-invariant variables:

1 . . o
VE = —27@281' U —HV — ﬁjajV +/
a

A\ (® + \i/)} : (4.11)
S

Not surprisingly, V. FE which vanishes on the background is a gauge invariant quantity due to the
Stewart Walker lemma.

We note that the expression for the perturbed Hubble parameter (4.4) given above depends on
the chosen time-slicing. So far, we evaluated all quantities at fixed time ¢ and as such evaluated
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them on hypersurfaces of constant time. However, constant time hypersurfaces are observation-
ally not accessible; instead, we observe hypersurfaces of constant observed redshift z. Since time
is related to the background redshift to first order through ¢(z), and z = z + dz, we have to
convert the quantity f(¢) evaluated on constant time hypersurfaces to ones evaluated at constant
redshift f(z) via -
£(8) = ) = 1) = (=~ 02) ~ f(2) — 5L
to first order, where the z denotes a quantity evaluated at the background. Note that within
linear perturbation theory the redshift correction term proportional to dz is only relevant for
background quantities, because for first order terms, the correction would be of second order and
therefore it can be neglected. As V. E in the expression (4.11) for the redshift drift is already first
order, its conversion gives no first order contribution and only h has to be converted. According

to (4.12)

5z (4.12)

d$ H
) ~ — —fz= — — . 4.1
H(t) = H(z) — - 0z =H(2) + (H H) 0z (4.13)
The redshift fluctuation dz was first calculated in the standard reference [37], where one can find
a full derivation, and reads, neglecting observer monopole and dipole terms,

1 : ©
0z=—(1+2) |:HL+3HT+TL18¢V+CD+\I/+/
S

d\ (@ + \if)] . (4.14)
Once again using gauge-invariant quantities and the relations found in Appendix A, (z) can be
expressed in terms of gauge-invariant variables,
1 A i H _,;
(=) == A H = b =70, (V4 21V = V) — wRI00V — 22 (V= 70V) +

+<’HZ) /sod)\(<i>+\i/)}, (4.15)

where again we neglect observer monopole and dipole terms. Finally, putting all the terms in
(3.14) for the perturbed FLRW case together and neglecting observer monopole and dipole terms,
we arrive at the following, manifestly gauge-invariant expression for the redshift drift as function
of the observed redshift:

ﬁ = (1+2)

dr, H

. . . ) . ) _— 2 . O . .
—’H+q>+ﬁzai(v+HV)+%(W—ﬁla,v>+ <H+n@ai>/ A (<1>+\11)
S

(4.16)
Note that the background terms of this expression don’t coincide with (3.1), and both expressions
differ by an observer monopole term (1 + z)H|o, but agree at the background level after the
observer monopole term is neglected. Here 0‘11720 is considered as a function the observed redshift
z and the observed incoming direction of the photon n.

It is worth commenting on the individual contributions. As discussed in the last section, the
leading order contribution is given by the background Hubble parameter —Hg = —(1 + z)H due
to the isotropic and homogeneous expansion of the Universe, already obtained in the FLRW
background expression (3.1) . The contributions proportional to n'9;V are Doppler terms arising
from the source’s peculiar velocity which affects the redshift, and 7'9;V is a peculiar acceleration
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term. The terms involving the Bardeen potentials ®, ¥ account for local fluctuations in the
gravitational potential at the source position, whereas fso dA <<I> + \IJ> is the integrated Sachs-

Wolfe effect accounting for the time variations of the Bardeen potentials integrated along the line
of sight.

In fact, we will use a slightly different expression in the next section, where the spatial derivative
of the integrated Sachs-Wolfe effect is rewritten via the partial integration formula (4.7),

7o, U:d/\(iﬂr\il)]——(¢+¢)—LOdA(i+®). (4.17)

Observer monopole terms are again neglected. This brings (4.16) to the form

dz b4 i (T Hoy_ in
dTO—(1+z)[—H—\I/+n81(V+HV)+H(\I! V)
.— 2 O . . O .. ..
LR H / d)\<<1>+\11)—/ d>\(<1>+\11)]. (4.18)
H o s s

Even though this formula is a little more involved than 4.16, including two integrated terms, it
will be shown to be useful as in the numerical analysis we shall neglect time derivatives of the
Bardeen potentials which are known to be very small.

Expressions (4.16) and (4.18) generalize the expressions for the redshift drift including fluctu-
ations found in the works [93, 82, 94], including all the fluctuations due to the peculiar motion
of the source and structures in the Universe affecting the photon path. To show this, we pass
to the Newtonian gauge and neglect peculiar motion terms, which are discarded in [93]. In this
case our expression (4.16) becomes

. H H—H2 [© . o ..
Ut b+ Tty b4 - b4
R R /Sd)\< n ) /Sd/\( + )

@
dr

=(1+2)
o

(4.19)

By rewriting the term involving the ratio of the time derivative of the Hubble parameter in
terms of the redshift and its fluctuation ¢z, and noting that in [93] the quantities are evaluated
at constant time hypersurfaces and not constant redshift, and thus are related through (4.12),
we obtain

dz

— + (1 —i—z)(s—Héz
dr s 0z g

=) [H(1—w)+ ] —(1+z)[sOdA(é+@)—(1+z)?;5z

(@]

_ _(1+2) [%(1@)+¢:}(1+z)/ ax (B + ). (4.20)

S

which is exactly expression (4.16) of [93] in conformal time without the observer monopole
terms.

4.2. Redshift Drift Power Spectrum

As mentioned above, our next step is studying the angular power spectrum of redshift drift
perturbations. In fact, we are interested in the spectra of the relative fluctuations with respect
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to the background value, which characterize the contaminating effects of the redshift drift signal,

dz _ dz

. dro d7o

0=
dTo

1 L H H — H2 o .. » 0 ..
= ‘1’+n8iv+H\I’+< 7 >(/S dA(<1>+\P)n81V>/d>\(<I>+‘1’)

s (4.21)

where 2 is the redshift drift in the perturbed spacetime (4.18), and 6(1172; = —(1+42)H the redshift
drift in the background spacetime, neglecting the observer term, Hy(1 + z).

Because dZ(n, z) is a function of directions on the sphere, n, we can decompose it into spherical
harmonics, Yy,,(n) in the manner described in (2.45),

Z A (2) Yo (1), (4.22)
where the expansion coefficients aéfn are given, using equation (2.53) in real space,

(2) = [ a0z, )Y (). (4.23)

Using the Fourier decomposition (2.49), we are able to write the expansion coefficients (4.23)
as

¢ . e . ig
5.7 | TRiclkr) V)i, (k) ap(z) =5
il

n ¢ x /1 V-n Z . . % T
) = oy [ PRIV E),  al ) = o [ @)V )Y K)

dPhjo(krs) U (k, )Y, (k),

v
aém(zs) -

(4.24)

where V -n = n’0;V, and ’ denotes derivation with respect to the argument.

Here we make use again of the assumption that the fields are Gaussian and can be obtained
from the primordial spectrum through the transfer functions given in (2.74).

In practice, the transfer functions in (2.74) can be obtained in multiple ways: either numerically
through Einstein-Boltzmann codes such as CLASS [104], assuming an analytical ansatz for the
matter transfer function 7'(k) such as the Eisenstein-Hu formula [105], or using one of the more
recent algebraic expressions obtained through so called genetic algorithms [106]. We have checked
that for our cosmological parameters, found in appendix C, the Eisenstein-Hu (EH) transfer
function agrees within less than one percent with the numerical transfer function derived from
the CLASS code, which is precise enough for the numerical results presented in this paper.
However, for our final numerical plots we chose to modify the CLASS transfer function module
originally called CLASSgal and described in detail in [41].

With a primordial spectrum given by (2.70), linked to the observed primordial spectra of the
CMB through equations (2.71), we are finally able to write the power spectrum of the redshift
drift fluctuations (4.16) at redshift z5 of the source, Cy(z;), following (2.58), as

2A [dk [ k\"*
Colzs) = 7T/k <k> Fo(k, 2%, (4.25)
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where

1. A . . H—H?
Fy(k,zs) = 7] []K(krs) (T\I/ + HT\I’> + jo(krs) (Tv — ,HTV>
H — H2

2 (4.26)

[ it (B4 ) = [ axiuhe.) (o + 73

S

In the following paragraphs, we use a modified version of CLASS in order to study the de-
pendence of the redshift drift on redshift and angular scales, as well as its cross correlations with
galaxy number count fluctuations. To that end, we apply a Gaussian window function in redshift
of width Az = 0.01 in all figures below. The numerical values for the cosmological background
parameters underlying this analysis are based on the latest Planck results and are summarised in
table C.1 in appendix C, in particular the amplitude Ag and spectral index ng of the primordial
power spectrum, as well as the Planck values for h, zeq, keq, 25 and Qeqm which are needed for
the transfer functions.

4.2.1. Power spectra at a single redshift and correlated at diffent redshifts

In Fig. 4.1 we plot the angular power spectrum as a function of redshift for some fixed multipoles,
¢, neglecting the integrated terms in the second line of (4.26). We have checked that the integrated
terms Ty and Ty in (4.16) contribute less than 1% to the total power spectrum over the £ range
of 2 — 300, so we neglect them in the numerical evaluations. At redshifts z = 1, the universe
is matter dominated and the Bardeen potentials in (2.75) are nearly constant [20]. For low
multipoles, £ < 10, after an initial increase up to z ~ 0.05, the redshift drift decays rapidly. For
the higher multipoles, £ > 50, after an initial growth the redshift drift nearly levels off.

Redshift drift power spectra as a function of z

107° 4

L +1)CP

< 10774

1078 4

000 025 050 0.75 1.00 1.25 150 1.75 2.00
z

Figure 4.1.: Evolution of the perturbed redshift drift power spectra C9*(z) as a function of red-
shift, for different multipoles £.
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We plot the full spectra for a set of redshifts and £ < 500 in Fig. 4.2. Clearly, the perturbations
are small, with amplitudes less than 1073 on all scales. While the low redshift fluctuations
dominate on large angular scales ¢ < 30, the higher redshift spectra z > 1 peak at somewhat
smaller angular scales, £ ~ 100.

Redshift drift perturbation 6z for different z

10-—6 -

1077 +

10—8 -

L+ 1)CP?

1077 4

107104

10711

101 102
[

Figure 4.2.: Redshift drift perturbation power spectra for a given set of redshifts z; and scales
¢ < 600.

The dominating contribution from the peculiar velocity and acceleration terms, especially at
large scales and over the redshift ranges smaller than unity highlights the importance of this term
in the full gauge-invariant expression for the redshift drift (4.16), corroborating the contaminating
effect estimates discussed previously and found in [82], and improving on works that neglect or
discard the effect of peculiar acceleration and velocity of sources in their expression for the
perturbed redshift drift [93, 100]. In Refs. [68] and [75] the authors discuss, based on the use
of hydrodynamical simulations, possible astrophysical sources where the peculiar acceleration
and velocity can be distinguished from the background redshift drift, aiming for an increase in
the detectability of the signal. Fig. 4.3 indicates that the drift perturbations are dominated
by the velocity terms at all proposed observational redshift ranges. Nevertheless, our results
show that for the redshift drift signal from several sources averaged over an angular patch of
a degree or more at z = 1 the background signal will be about 1000 times larger than the
perturbations from peculiar velocities and acceleration, thus, linear perturbation theory can be
trusted. Furthermore, the contribution from the potential and cross correlated terms are at least
another order of magnitude smaller at all scales.

In Fig. 4.4 we show in detail the redshift dependence of each component. The V terms keep
dominating at all scales, while the potential and velocity cross-correlation terms are somewhat
larger at all scales for small redshifts. The dip in both of these contributions at around z ~ 1
comes from the pre-factor H /H for FZ‘I’, see Table 4.1, which changes sign around this redshift.
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Redshift drift components at z = 0.1 Redshift drift components at = = 0.5
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Figure 4.3.: Redshift drift and independent components angular power spectra at different red-
shifts as function of £. The plot is in log-log scale and we use a Gaussian window
function of width Az = 0.01. The cross correlations (¥|V) are positive at lower
redshifts (z = 0.1,0.5), but turn negative at higher redshifts (z = 1, 5).

We have also calculated the correlation between the redshift drift spectra at different z by
slightly altering (2.75) to integrate over the kernels Fy(k, z) at different redshifts:

k \ kx«

while the kernels are kept the same as in the original expression.

The correlations are at most of the same order of magnitude of the power spectra measured at
a single redshift signal, and in general several orders of magnitudes smaller. This small effect for
non-diagonal correlations does not give any new information about the redshift dependence of
the signal. In fact, the small correlations at different redshifts give support to the observational
perspectives described for instance in [75, 82|, where the authors enforce that measurements
of the drift at different redshifts, for sources with similar spectra, should improve significantly
the statistics of the measurement, particularly over the peculiar acceleration of the sources. As
the correlation of perturbations from different redshifts can be safely neglected, the constraining
power for the evolution of Z will improve when more redshift bins are observed.

. 2A [dk [ k\"!
CY (21, 22) = 7T/ <> Fy(k, 21)Fo(k, z2), (4.27)
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FY(2) Ty (b ts) + BTy (k1) ) G (hr)
FY Ty (k, ts) — %Tg,(k:,@) Go(krs)
FY(2) FY(2) | 2 (—Tv(k,ts) n HQ?;HTV(k,tS)) : (Tq,(/c,ts) . %T@(k,ts)> Gollkrs) j(krs)

Bl L=

—
N
~—

Table 4.1.: We label each component of the redshift drift power spectra in Fig. 4.3 and Fig. 4.4
according to the transfer functions inside each contribution to the total redshift drift,
compare (4.26).

4.2.2. Cross-correlations with galaxy number counts

We also study the correlation between the redshift drift (2.75) and the theoretical relativistic
number counts of galaxies at linear order. We again follow the standard treatment of [37], which
is also manifestly gauge-invariant, for checking our predictions with forthcoming surveys and
simulations. The relativistic galaxy number count fluctuation spectrum was introduced in (2.88),
and

By denoting the redshift drift kernel (4.26) by F; (k, z), the cross-correlation power spectrum
is given by

CFN(2) = ’:/d: <£>n51 (Ffé(k,z)FgV(k,z)). (4.28)

We plot this cross correlation power spectrum for different redshifts in Fig. 4.5.

As we see in the figure, there is a similar behavior for all redshifts, with the absolute value of
the amplitude increasing from large to intermediary scales and then flattening at smaller scales.
For redshift values z < 0.5 however, the signals are anticorrelated for some ranges of ¢: for
z = 0.1 the signal is strictly anticorrelated, while for z = 0.5 the signal is anticorrelated for scales
¢ < 150, where it changes sign. For higher values of £ the curves reach a maximum, respectively
a minimum, at fyax(2) and have a slow decrease/increase up to highly nonlinear scales ¢ ~ 1000,
where we see a plateau between intermediate and small scales. This result is interesting because,
as it has been argued in [68], that peculiar acceleration and velocities are the perturbations
which are most difficult to distinguish from the cosmic background signal in future observational
probes of redshift drift. Therefore, an observational probe that is correlated with the peculiar
acceleration such as the number counts could provide a way to distinguish these effects from the
true background signal. We notice that the maximum of the amplitude increases with redshift,
such that for redshifts z > 0.5 the curves reach it at £, > 100. This behavior, and the
anticorrelation for smaller redshifts, indicates that the z < 0.5 redshift range has a characteristic
cross-correlation spectra which could possibly help to strenghten the detection of the §Z signal
through the correlation. The measured drift from sources at different redshifts in this redshift
range can be correlated with the galaxy number count, and the change of sign observed in Fig.
4.5 for the same scale and different redshifts in this range could be a characteristic feature of
the redshift drift signal, distinguishing it from the §Z self-correlation power spectrum, which is
strictly positive, see Fig. 4.2.

This redshift range has also been cited as promising in detecting the redshift drift precisely
due to its small dependence on other cosmological probes [82]. Furthermore, the correlation
amplitude is about three orders of magnitude higher than the amplitude of Z, as one can see by
comparing Fig. 4.5 with Fig. 4.2.

Having different redshift ranges where the correlation is significant in the A-dominated and
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“)U_ E— 5‘1 ||')li, E— ﬁ‘L
(T, V) (W, V)

1024 ses V7 10-2 1 sea V7
— —

1044

—
=1

e+ 1)C,

=
<
x

101" 4

1012

0.0 0.5 1.0 15 2.0 0.0 0.5 1.0 15 2.0
Redshift = Redshift =
Redshift drift components at ¢ = 50 Redshift drift components at ¢ = 100
10* 4 —_ a2 —
— (L, V) 10"+ — (L, V)
1024 ses ses
10~ 4
¥ ¥
g 107 S 164
i ~—~
| 8 i .
< 10 < 190
101 1 1=
-1 [/ 101

0.0 05 1.0 15 2.0 0.0 05 1.0 15 2.0
Redshift = Redshift =

Figure 4.4.: Redshift drift and components power spectra as a function of redshift. We chose a
set of fs to characterize the scale dependence found in Fig. 4.3.

matter-dominated eras as well as the change from anti-correlation to correlation in the transition
epoch can provide additional constraints for the dark energy equation of state, as explored at
the background level in [82]. The curves in Fig. 4.5 show that small scales provide the highest
correlations for redshifts z = 0.5, while at larger scales number count perturbations are more
strongly correlated with fluctuations of the drift at lower redshifts, inside the A-dominated era.
Furthermore, there is a change from anti-correlation to correlation as the redshift increases. This
behavior may provide insight into the redshift dependence of the drift, and particularly how
possible tracers of the effect should be chosen, as the sign and amplitude of the cross-correlation
change, especially for smaller redshifts.

In all the cases discussed, the cross-correlation signal has a higher amplitude than the 6z power
spectra alone. On average this difference is about three orders of magnitude for all redshifts. This
correlation may be useful to both strengthen the significance in the detection of the signal and
to constrain the cosmological model through the redshift drift signal, such as in the case for the
ISW effect [107].

The question whether this correlation signal can truly be measured in one of the proposed
surveys, and if yes with which significance, however, is a more difficult question. This depends on
the number density of observed sources and on the accuracy of the measurement of their redshift



Perturbations of Cosmological Redshift Drift Section 4.2
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Figure 4.5.: The cross correlation CgéA of redshift drift 2 and relativistic number count pertur-
bations A as a function of £ for different values of redshift: z = 0.1 in red, z = 0.5 in
blue, z =1 in black, and z = 5 in yellow. The spectrum is negative for z = 0.1, and
for z = 0.5 at low ¢. For z = 0.5, a sign change from negative to positive happens
around £ =~ 150. All other spectra are positive.

drift. Nevertheless, correlating the signal with galaxy number counts is boosting it by about a
factor \/C%N /C9% ~ 100. Furthermore, the cross-correlation of number counts and redshift drift
does not suffer from shot noise and can provide a significant signal already with a lower number
density of galaxies. A detailed calculation of the signal to noise of such a measurement for a
given experiment goes beyond the present study, but forecasts with large-scale surveys such as
SKA have been performed in [73, 65]

4.2.3. Summary and discussion

Our main results for the perturbed cosmic redshift drift, expressions (4.16) and (4.18), are man-
ifestly gauge-invariant. They generalize previous expressions for the perturbed redshift drift, as
found in e.g. [93, 68], and make it straightforward to derive constraints on this quantity from
survey and simulation data. We expect the theoretical results to translate easily to numerical
codes and simulations, as has been done in this paper through the use of CLASS.

We find that within linear perturbation theory redshift drift fluctuations are small, typically
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of order 1072 or smaller. Of course, a single redshift drift measurement might be strongly
affected by peculiar acceleration of the source. However, averaging the measured redshift drift at
fixed redshift over many widely separated directions, as proposed e.g. in [75], will yield a good
measure of the background redshift drift, as in this situation the fluctuations of this mean are
well-described by linear perturbation theory and the contaminating effects are all included in
expression (4.16).

Nevertheless, planned measurements, e.g. with SKA2, will need N ~ 107 galaxies in each
redshift bin to reach their goal [80]. In these measurements, the authors assume that the signals
from the galaxies are uncorrelated so that the total error is given by the shot noise term, 1/v/N.
Our findings show that they have to add an effect from the correlations which is of a similar
order of magnitude. More precisely, we obtain a variance from the correlations of

o2 (2) = % SO0+ 1)Ci(2). (4.29)
J4

In Table 4.2 we give the values of 05,(z) for some redshifts. Clearly, the correlation contribution

< 05z 1/\/N(Z)
01] 7x107* 1.8 x 1074
05| 1x1073 3.2x107*

1 [1.1x1073| 1.8x1073

5 19.5x1074 ?

Table 4.2.: The expected error from correlations for a full sky experiment of the redshift drift
at z = 0.1, 0.5, 1 and 5. The expected numbers of galaxies for an SKA2 survey are
taken from [80] (Fig. 2 lower panels). SKA2 only plans to measure redshift drift out
to z = 1.

to the error is comparable with shot noise and has to be added. For the E-ELT the situation is
different. They plan to measure the redshift drift much more precisely, i.e. with much smaller
errors per measurement, but only for order ten lines of sight per redshift bin [74]. The shot noise
contribution is then much larger, such that the correlation error is irrelevant.

The dominant contribution to first order perturbations comes from the peculiar velocity and
acceleration of sources: this term is more than two orders of magnitude larger than the contribu-
tion from the gravitational potential for most redshifts, as it is seen in Fig. 4.3. Furthermore, the
acceleration and potential terms are very weakly correlated. While the relevance of the peculiar
acceleration and velocity of sources as perturbative effects on the cosmic redshift drift have been
previously studied in the literature [68, 108], our results show for the first time the dominance of
this term in comparison to other contributions to the perturbed redshift drift signal; moreover
previous results have all relied on gauge-dependent derivations of the perturbed redshift drift.
Here, the theoretical power spectra for the redshift drift perturbations were calculated for the
first time and its numerical evaluation is presented in Fig. 4.2. The scale dependence of the
effect has not been previously studied and the power spectrum prediction quantifies this, paving
the way for further observational probes of the effect. We have also studied the evolution of the
signal with redshift in Fig. 4.1.

Finally, we have also investigated the cross-correlation with galaxy number counts, and find
significant correlations at all scales, which increases with £ and peaks at intermediary scales for
smaller redshifts and small scales for high redshifts. In particular, for smaller redshifts z <
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0.5, there is a change of sign from anti-correlated to correlated as the redshift increases. This
correlation might help in the detection of the cosmic redshift drift fluctuations by strengthening
the power spectra signal. Furthermore, the scale dependence of the cross-correlation power
spectrum could point to possible astrophysical probes of the effect, such as explored in [75].

The results of this chapter lay the groundwork for the following pages, where we model a
measurement of the redshift drift power spectrum (4.25) using n-body simulations in a ACDM
cosmological model.
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CHAPTER 5.

Redshift Drift fluctuations from n-body
simulations

The results of chapter 4 clarify the main perturbative effects in a redshift drift measurement,
as well as providing a theoretical estimate of the contaminating effects to test against future
observations. Our implementation of the redshift drift fluctuations power spectrum in (4.25)
using CLASS provides a basis for the validation of future observations of the power spectrum and
different numerical implementations, such as using fully relativistic codes, as done for instance in
[109], where the authors calculated the redshift drift fluctuation power spectrum from simulations
using the Einstein Toolkit numerical relativity code, in an Einstein-de Sitter background.

In scenarios where direct observational data is limited or lacking, simulations and numerical
implementations provide a controlled framework to test hypotheses and explore the effects of
various cosmological parameters on a given effect or observable. In the context of modeling
redshift drift observations, simulations using survey mock data are explored in [110], and nu-
merical relativity simulations in the work mentioned above [109]. The use of n-body simulations
to model observations of the redshift drift and its fluctuations was first explored in [91, 100],
where the authors model cosmic inhomogeneities using a LTB metric, and calculate its impact
on the average redshift drift measurement. The EdS background is a good approximation for
the background metric for redshifts z > 1, such that the impact of the A term is not relevant
to structure formation. Our implementation of the fluctuations power spectrum using CLASS
in chapter 4 is the first in the literature in the context of ACDM cosmologies, and also the first
obtained with the use of Einstein-Boltzmann codes.

There is a lack of direct modeling of the cosmic drift effect, its fluctuations and its power spectra
through n-body simulations in the full perturbed ACDM setting, including peculiar velocity
and acceleration effects, which will be of fundamental importance for validation and testing of
future observational data, along with the previously mentioned simulations using full numerical
relativity and mock data. n-body simulations are also able to probe non-linear scales usually not
implemented in Einstein-Boltzmann codes, which allow comparison and testing of the validity
of linear perturbation theory in modeling the effect. n-body simulations can also provide an
estimate of the shot-noise involved in real surveys, as well as an estimate of the redshift drift
fluctuation distribution field over the sky.

The gadget4 n-body code [111] provides easy to implement fully non-linear, accurate, par-
allelizable code to simulate ACDM cosmologies through Newtonian simulations, including full
structure formation up to non-linear scales. This allows us to process the simulation outputs
into the distribution of fields in the sky, which in turn allows us to calculate, using the simulated
data, the redshift drift fluctuations (4.18) and its power spectrum (4.25) from these fields. In this
chapter, we shall use n-body simulations obtained from the gadget4 code to derive the observed
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power spectra of redshift drift fluctuations (4.25), obtain an estimation of its distribution over
the sky and validate the results against the implementation in CLASS.

First we detail the main approximations and assumptions used to derive the power spectra
from the simulation, based on the results obtained in the previous chapter.

Secondly, we describe our simulation setup and the implementation of the redshift drift fluc-
tuations spectra numerically using the outputs from the simulations.

Finally, we compare our results to the implementation in the CLASS code. We end by dis-
cussing our results and contextualizing its impact on the literature and our work in the previous
chapter.

This chapter follows closely an in preparation pre-print containing the results of this work
which will soon be available online. Much of the text and results found here shall overlap with
the final published paper [15].

5.1. Approximations and observed Power Spectra

Our numerical findings in chapter 4 show that the time dependent potential terms in equation
(2.75) give a very small contribution to the overall redshift drift signal, 2 orders of magnitude
smaller than the effects arising from the peculiar motion of source. We neglect these terms
when implementing the power spectra numerically, such that the expression for the redshift drift
fluctuation power spectra is given by

B 24 [dk [ k\™
CY*(25) = w/k (k:) |Fy(k, 2))?, (5.1)

where the Kernel Fy(k, zg) is given by

1. LH . L H—H?
Fg(k, Zs) ~ _ﬁ []g(k‘?“s) <T¢ + HT@) +]é(l€7“5) (TV — HTV>

where once again the j, are the spherical bessel functions of order ¢, and rg is the comoving
radial distance from the observer to the source.

In order to properly derive the theoretical prediction (4.25) using n-body simulations, the
definition of the power spectrum of a field in the sky (2.52) needs to be slightly modified, such
that one doesn’t have a perfect map, as expected, between the observed and the theoretical power
spectrum. In surveys and modeling through simulations, the observed power spectrum comes
from an observed fraction of the sky at a given redshift slice Az, particular to the capabilities of
the survey and simulation. The observed power spectrum Posz is then related to the theoretical
power spectrum through a window function (2.90) that projects the full sky spectrum onto the
observed region.

Newtonian n-body simulations have been shown to properly model relativistic inhomogeneous
FLRW Universes at linear order, where in the longitudinal gauge the metric potentials (2.33)
and the peculiar velocities (2.27) map directly to the Newtonian gravitational potential 1) and
the particles’ peculiar velocity vector v; [112]. To obtain the Power Spectra at different redshifts
from the Gadget4 simulations, we follow this correspondence, formalized in the dictionary between
relativistic and Newtonian cosmologies explored in [112].

The actual observed linear power spectrum PO)gS, for a given 3D field X is its 2D sky-projected
power spectrum at redshift zp. Denoting the projected field by A(n, zp), we have
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A(n, zg) = /000 drW (r)X (rn,no — r), (5.2)

where 7 is the comoving distance and W (r) a window function, which encodes the projection of
the field at redshift zy and comoving distance ny = [;° dz/H (z).
The dimensionful observed power spectrum of this field is then given by [24]

272
X
(k,2) = 3
where we implicitly performed a Fourier decomposition on A(k, z) and averaged over the sphere
with unit vector n.
The observed angular power spectrum at redshift z of the field X is related to its power
spectrum through the expressions [24]

P

obs

|A(k, 2)|?, (5.3)

CX () = % /O ARE2 P, (k, 2)W2,() = o /0 %AQ(/@ W2, (), (5.42)
W, o(k) = / drw (7)) (k7), (5.4b)
0

where W (7) is an arbitrary window function used to filter a certain range of redshifts or scaled,
and jl@ is the i-th derivative of the spherical Bessel function jy,, which appear in the Fourier
transform of direction dependent fields X (n).

By taking the field X to be the redshift drift fluctuation, the observed linear angular power

spectrum of the redshift drift derived from an n-body simulation is given by

C¥(z) = 4r /0 h %M(/@,z)wgf(k) (5.5)
. S
A(k:,z):]-"[—;[ —«/}+n-v+z¢—<HHH>n-v], (5.6)

where we used the mapping between the relativistic Bardeen potential ¥ and the Newtonian
potential 1, and between the relativistic 4-velocity v* of the observed and the peculiar velocity
of particles v = (vg, vy, v;). F denotes the 3D Fourier transform of the field, and n is the unit
vector on the sphere.

We further simplify expression (5.5) by neglecting the potential terms, which are at least an
order of magnitude smaller than the velocity terms, to arrive at the final expression for the
angular redshift drift power spectrum, given by

Cifa) = am [~ AR W), Woh) = [ drt¥ (si(hr), (5.7)

Y g2
A(k,z)zf[—i[n-V—(ﬂHH)n-v”. (5.8)

For scales ¢ > 1 it is usual to adopt the Limber approximation, which we detail in appendix
D.1. Using this approximation, (5.4a) can be further simplified to

Xy =2 /O T N2 g 2y, ()

- L E / dffAQ(“:/z,z)W?(f). (5.9)
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For distance modes satisfying ¢ 2> ¢, = 7/Ar the Limber approximation has been shown to be
accurate to smaller than 1% accuracy levels in comparison to the fully integrated power spectra
[24, 20]. We shall make use of this approximation as a consistency check when validating the
simulations.

We furthermore use a top-hat window function, which filters modes outside of the slice we
select from the simulation snapshot, with comoving size A7. Modes k such that ¢ 2> ’;ﬁ: are
integrated out of the angular power spectra. The explicit form of this window function is given

by

| 1/Ar  for r <T <1y, Ar=r9—1]
Wi (r) = { 0 otherwise . (5.10)

One can also interpret the window function above as selecting fluctuations inside the redshift
slice Az ~ H(z)Ar/c centered on the redshift z.

This window function, when inserted in equation (5.9) allows one to further simplify the ob-
served angular power spectrum expression in the Limber approximation large scales. By selecting
a small distance slice A7 of the observed cosmic region, we have

0+1/2

s A%( - 2). (5.11)

N 1 o 0+1/2 . AF/F] 4,
O (2) ~ W/drrAQ(F,z)WQ(T) =Y

Equation (5.11) allows simple implementation of the the theoretical power spectrum (5.4a),
and although we use the FFTlog routine to calculate the integrals [113], at smaller scales the
Limber approximation provides consistency check for the numerical power spectra.

We note that approximations (5.9) and (5.11) are valid for integrals containing no derivatives
of the Bessel functions, such as for the potential terms in (5.1). In the final expression (5.7) the
Limber approximation is not a good approximation due to the different oscillating behavior of
the spherical Bessel function derivatives.

5.2. Power Spectra from n-body simulations

To model the observed linear Power Spectra of the redshift drift fluctuations (5.7) we perform
a Newtonian n-body simulation using the Gadget4 massively parallel code. Our simulation was
run on a 1Gpc/h Box with 10242 particles and initial conditions were generated via the built-in
NGEN-IC Initial Condition generator, generated at redshift z = 49, and the particle mass and
softening €5 can be found in table C.2. We produced 3 snapshots at the redshifts z = 0.5, 1, 2,
and used the cosmological parameters as found in appendix C. For the window function, we use
a redshift slice of Az = 0.1 and a top-hat window function, which corresponds to a comoving size
of 0.1¢/H(z) Mpc for the projected field in equation (5.4a)

We validate our simulations by deriving the matter Power Spectrum P(k) and the galaxy
number count angular power spectrum C’év [37] from the snapshots, using the same pipeline as
the redshift drift power spectrum and angular power spectrum, and compare it to the numerical
spectra obtained from CLASS. We The validation can be found in appendix D. The complete list
of cosmological parameters used in the simulation and Einstein-Boltzmann solvers can be found
in appendix C.

The derivation of the power spectrum from the particle fields in the snapshots is done using
the pylians package for numerical simulation analysis in python [114]. We read the snapshots
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Figure 5.1.: Histogram for the redshift drift fluctuations in the simulation box for redshifts z =
0.5, 1, 2. The distribution is nearly gaussian with standard deviation o ~ 2 - 1072
for all redshifts.

in HDF5 format and use a triangular shaped cloud mass assignment scheme implementation in
Pylians to obtain the fields. To generate a 3D array of the redshift drift field, we discard potential
terms in (4.21) and use the same expression to derive the drift expression from the acceleration
and velocity fields. We calculate the particle density field of each snapshot and divide the full
redshift drift field by the particle density field, in order to obtain the redshift drift density field,
where, for empty voxels, we assign a density of p = 1. The amount of empty voxels is less than
100 in a total of 230 voxels, which do not affect the final statistics. We then subtract the average
redshift drift in the snapshot from the redshift drift field and divide by the same average to obtain
the redshift drift fluctuations (4.21). We plot the redshift drift fluctuation distribution histogram
in figure 5.1 for the three redshifts analyzed, which provide a glimpse at the gaussianity and
amplitude of the fluctuations.

In obtaining the power spectrum we make use of the flat-sky approximation, where one assumes
the direction vector n on the sphere is approximated by a vector o, where « is a 2D coordinate
vector in the plane perpendicular to the observer’s reference direction. This is equivalent to
choosing a reference axis z in the simulation box as being the observer direction, as well as
assuming that the box size corresponds to a sizeable fraction of the celestial sphere. We further
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detail this approximation in appendix D.1, while noticing that for big enough box sizes it provides
an accurate estimate of the angular power spectrum [115]. The power spectrum is then calculated
using the Pk_library from Pylians.

The 3D Fourier transforms of the velocity field and derivatives present in equation (5.7)
are obtained using standard routines of the pylians library, which calculates the dimension-
ful power spectrum (5.3) of the fields, and we numerically integrate equation (5.7) using the
FFTlog-and-beyond python library for integrals containing Hessel and spherical Bessel functions
and derivatives [113].

To avoid resolution effects due to a finite Box size, we restrict our spectra to modes k €
2kfundr(z) kNqu_l/z
(I1+z) » (1+z)
mental frequency kg = 27/Box Size and below the Nyquist frequency knyq = Nparticles X Kfun-

We plot the adimensional power spectra |A2%(k, z)| of the redshift drift and the vertical lines

corresponding to modes inside the interval [2kgnd, knyq/2] in figure 5.2.

], above the funda-
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Figure 5.2.: Adimensional Redshift Drift power spectra |A2(k)| for snapshots taken at redshifts
z =1,2,3. The minimum and maximum allowed modes k;,;;, and ky,qz
are given by 2kgng and knyq/2 respectively.

One can see an increase in the power spectra at higher modes for all redshifts due to resolution
effects at smaller scales, close to the Nyquist frequency. The effect becomes more pronounced
at smaller redshifts, as objects become more clustered and we may find voxels with a very small
number of particles. As these effects are not physical, we cut off the power spectrum of the
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fluctuations at these scales when integrating equation (5.7).

We see that the amplitude of the redshift drift fluctuations peak at |§] ~ VA2 < O(1072) for all
redshifts z > 1, and are not smaller than 10~%. This result is in agreement with the results found
in section 2 of chapter 4 and around two orders of magnitude higher than the results found in
[100], which also used a Newtonian simulation to obtain an estimate of the fluctuation amplitude.
We note that the results in [100] are based on an Einstein-de Sitter background cosmology, such
that some of the discrepancy can be attributed to the effect of both the background cosmology
and structure formation in ACDM, which is known to be slower due to the late time acceleration.

5.2.1. Comparison with CLASS and discussion

To test our results against the CLASS Einstein-Boltzmann solver, we take into account the
numerical and sampling errors arising in power spectra derived from n-body simulations, which
are not unlike the observational errors that arise in cosmological surveys. The intrinsic cosmic
variance error of angular correlations of fields in the sky, due to a smaller sample size for bigger
fractions of the celestial sphere, is given by the variance of the angular spectrum Cy, and one can
write it as a function of the mode ¢ as [20]

(G =CyH ] 2
o= 2 Varr (5.12)

where Cy is the theoretically predicted Cy and (Cy) the average over the sphere. This variance is
intrinsic to the fact that we are sampling a finite amount of regions in the sky, fewer regions for
larger scales. In the case of simulations this error is underestimated, due to the finite size of the
simulation box representing only a fraction of the actual celestial sphere, and this discrepancy
is more pronounced at the largest scales, since modes larger than the simulation box are not
included in the calculation.

One also needs to take into account the shot noise due to finite resolution and a discrete
sampling of a field modeled as a continuous distribution over the sky. Assuming the distribution
of the fluctuations is gaussian, the noise can be approximated by poissonian noise, given by
[116, 20]

1 N,
SN = — = 5.13
—, ms=h (513)
where N, is the number of galaxies in the measured redshift slice and €2 is the area of the sky
2772
covered by the box size at redshift z in steradians, given by 2 = %Gpcz, r(2z) the comoving

distance for our Box Size. For Nparticles = 10243 and the cosmic parameters given in table C.1,
the values of the shot noise and the intrinsic variance can be found in table 5.1. In our case, we
take Ny = Nparticles; Which is unrealistic when compared to a large scale survey such as SKA,
where the observed shot noise is predicted to be SN ~ 1077 [80], although such a resolution
provides enough accuracy to probe smaller scales, beyond what was studied in chapter 4 using
the CLASS code.

In table 5.1, along with the shot noise, we give an upper limit on the intrinsic variance of the
angular correlations by redshift, given by (5.12) at the largest scales oy ~ 2 and the average
order of magnitude of the spectra, seen in figure 5.3. It’s clear that the shot noise has negligible
contribution to the overall variance of the angular power spectrum, and the observation error can
be modeled safely by including only the intrinsic cosmic variance of the spectra. We note again
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that the variance error given in table 5.1 actually underestimates the variance error due to the
finite box size.

Redshift | oy(¢ = 2) SN

0.5 >44-107"8 | 1.18- 10712
1 >4.4-1078 | 1.55-10712
2 >4.4-1078 | 2.53-10712

Table 5.1.: Intrinsic variance and shot noise for the analyzed redshifts.

The total variance in the angular power spectra obtained from the simulation snapshots is then
given by the intrinsic variance plus the shot noise [20]

2 1
=\ — . 14
oCk 20+1 <C€ + ng) (5.14)

The modified CLASS code used to generate the angular power spectrum ng' works strictly
within linear perturbation theory, such that nonlinear effects are not taken into account in the
redshift drift power spectra. Since our simulations are fully Newtonian, deviations from linearity
at smaller scales are present, and the slope of the angular spectrum is modified in relation to the
linear spectra generated with CLASS. We normalize the spectra derived from the simulations
based on (5.7) to the convention used in [41] to properly compare the amplitude of the n-body
angular spectra to the amplitude predicted by CLASS. This convention can be found in appendix
C for reference.

In figure 5.3 we plot both the spectra obtained from the simulations and the spectra generated
using the CLASS implementation of the redshift drift fluctuations spectra. We find an agreement
within an order of magnitude between both spectra at all scales, with a greater agreement at
smaller scales.

Previous works on the amplitude and angular power spectrum of the redshift drift fluctuations,
using both Newtonian n-body simulations [100] and fully relativistic simulations [109], found a
difference of more than two orders of magnitude for the amplitude of the fluctuations in relation
to the CLASS implementation found in section 2 of chapter 4. The general scaling of the curve
found in the paper, of an increase at small scales £ < 10 up to a peak at intermediary scales
¢ =~ 10% and a monotonic decrease at scales £ > 10? matches the behavior of the curves in figure
5.3 and section 2 of chapter 4. Further simulations, using both relativistic and Newtonian codes
and the same cosmological parameters and background, are needed in order to settle on the
amplitude of the spectra and its scale dependency. Although the results seem to converge on the
scaling behaviour of the fluctuations of the redshift drift, one needs an accurate estimate on the
amplitude of the contaminating effects to use the simulation spectra against future observations.

From the plots in figure 5.3 one can see that the peak of the signal obtained from the simulations
is slightly moved to the right in relation to the CLASS curve for z = 2, whereas it strictly
decreases for other redshits; it also has a slightly different asymptote at small and large scales.
The change in the maximum of the curves and the monotonic decrease can be attributed to the
different numerical methods used to calculate the power spectra and the different implementation
of the window function. Where the CLASS code calculates the the integral (5.7) through the
transfer functions, our code uses the FFTlog routine to numerically select the redshift slice where
we perform the integration, given the power spectrum. At large scales the change in the asymptote
can be attributed to the mask selecting modes greater than the fundamental frequency, which
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may filter relevant modes that fall inside the redshift slice used; at small scales the nonlinear
behavior of structure formation should alter significantly the behavior in relation to the linear
approximations implemented in the CLASS code, particularly for smaller z’s where nonlinearities
are more pronounced.

The order of magnitude agreement between our results and the results found in chapter 4
also support the approximations done in (5.1) and (5.7) to arrive at the final expression for the
spectra. The non integrated potential terms, which are included in the analysis done in the
previous chapter, can be safely neglected in relation to the dominant acceleration and velocity
terms, at all scales, and the agreement within an order of magnitude shows that even if our
results are taken as an order of magnitude estimation of the drift fluctuations, potential terms
have no impact in the observations.

In the ACDM case, our work points to an effect of at most order 10~7 in relation to the
background redshift drift for angular correlations, in agreement with both the results of chapter
4 and [91]. With respect to the order of magnitude and size of the effects, our work converges with
the literature, where a precision of Az/Z ~ 1073 is needed in order to measure such fluctuations.
Nevertheless, even in our idealized simulation setting, we were able to constrain the amplitude
and scaling of the power spectrum of the drift fluctuations through observations of the cosmic
velocity and acceleration fields, which together with the galaxy number count spectra, as discussed
in section 2 of chapter 4 , could help in detecting a statistical significant signal of the drift by
constraining contaminating effects due to the peculiar motion of sources.

5.3. Summary and discussion

In this chapter we derive the Redshift Drift Power Spectrum at different redshifts from an n-body
simulation run using the gadget4 code. To obtain the power spectrum from the simulation, we
model it using the theoretical prediction from the previous chapter and numerically calculate it
using the velocity and acceleration fields from the gadget4 snapshots and power spectrum and
FFT routines found in the pylians and FFTlog-and-beyond python libraries. We validate our
code and simulation using the Einstein-Boltzmann solver CLASS, and once validated, compare
our results to the numerical predictions obtained using the same code as in chapter 4. Our work
provides a methodology for modeling the redshift drift using n-body simulations and derive one
and two point statistics from simulation data.

Our findings show an agreement with the numerical implementation of the redshift drift spectra
using the CLASS code to within an order of magnitude, with a signal that increases from large
to intermediary scales for all redshifts and peaks at scales ~ O(102), and strictly decreases
afterwards, up to scales £ ~ 103. Our results also show a peak of the signal at the same scales as
the CLASS implementation and an overall agreement with the scale behavior found in chapter
4. Previous works using n-body simulations to model a measurement of the redshift drift and
its fluctuations find a disagreement of more than 2 orders of magnitude the results of this thesis,
although the authors assumed a different cosmological background and energy content. Further
work assuming the same background cosmologies is needed in order to properly compare the
results from different numerical simulations of the effect.

Our work agrees with previous literature in that measuring the fluctuations on the drift signif-
icantly impacts the observation of the background effect, in particular in measuring the velocity
and acceleration fields distribution over the sky. Although of order 10~3 on the background drift,
which is already small, it is within the capabilities of surveys such as SKA, as discussed in the
last section of chapter 4 and [109].
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Figure 5.3.: Redshift drift fluctuations angular power spectra for redshifts z = 0.5, 1, 2. The
light and bold dashed lines are the minimum and maximum scales respectively, with
accuracy within the simulation interval k € [kfund, knyg/2]. The orange line is the
prediction for the angular power spectrum using the implementation in the CLASS
cosmology code.

At last, our simulation assumes an idealized dark matter plus A only Universe, with structure
formation and peculiar motion of sources with no baryonic effects or feedback, and a simulation
box size of 1Gpc. The SKA radio telescope will have a sky coverage of 75% and probe redshifts
z € [0,0.5] in the radio, HI and 21cm regions, observing baryonic feedback in regimes previously
unseen. Larger simulations, including baryonic and hydrodinamic effects in structure formation
and the momentum fields are to be done in order to prepare for the upcoming observational
challenge in measuring the drift with next generation surveys. Such a task is beyond the current
computational capabilities of this work, and we leave it for future research.
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CHAPTER 6.

Conclusions and Discussion

In this thesis we provided an introduction to the theoretical and observational aspects of the
cosmic redshift drift and the Sandage-Loeb test in cosmology. We reviewed the main observational
programmes to measure the effect and the current theoretical developments in the literature.
More specifically, we detailed the current objective of performing the Sandage-Loeb test with
SKA and ELT [73, 3] and current forecasts based on these surveys; and provided an introduction
to the theoretical work done in extending the redshift drift definition to general spacetimes and
the possibility of using it as a model independent probe of the late time cosmic acceleration
paradigm, including possible violations of the strong energy condition [9, 96, 95, 101].

The objective of the thesis was to extend the previous work done on fluctuations of the redshift
drift to include all of the perturbative effects, in order to properly make sense of the contam-
inating effects due to the peculiar motion of sources and growth of structure in the Universe.
Previous work lacked a unified description and relied on ad-hoc calculations, which omitted part
of the perturbative effects found in our main result, equations (4.18) (4.25). We also aimed at
implementing our theoretical results in codes established in the cosmology literature, and pro-
viding a solid basis for future theoretical and observational research done on the redshift drift
in ACDM cosmology and beyond, and a reference work for a full gauge-invariant treatment of
perturbative effects on the redshift drift.

Based on these objectives, our main results in this thesis, based on the works [10, 15], are the
derivation for the first time of a gauge-invariant expression for the full perturbed redshift drift
in an perturbed FLRW cosmology, the expression for its power spectra as a function of redshift
and its implementation in the Einstein-Boltzmann code CLASS, as well as an implementation
and validation of these results using n-body simulations done with the gadget4 code. We find
that the main contributions to the redshift drift fluctuations come from the peculiar velocity and
acceleration terms in equation (4.18), which are 2 orders of magnitude larger than the potential
effects, which can be safely neglected in further works. We also correlated the redshift drift
fluctuation signal and the galaxy number count signal to understand if the latter could help
enhance the detection of the drift fluctuations and improve the possibility of detection. We
found an increase of up to 100 in the amplitude of the angular power spectra of the signal when
correlated with the galaxy distribution power spectra, and thus opened the possibility of using
galaxy counts in surveys as a way of increasing the detection of the redshift drift fluctuations
and help in constraining the background value.

We find an agreement within an order of magnitude between the implementations using the
CLASS code and the spectra obtained from simulations using the gadget4 code, and the scaling
and redshift evolution of the curves for the angular power spectra match. The different routines
used to calculate the window functions and the finite box effects in the simulations can account
for some of the difference between the observed spectra, and further validation, with larger and
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more involved simulations, is needed in order to settle on the amplitude of these fluctuations.

Our results show contaminating effects of order 102 from both the Einstein-Boltzmann code
implementation and n-body simulations, as well as the same redshift and scaling behavior for
the power spectra and the angular power spectra. Our results have a more than two orders of
magnitude difference in relation to the results for the amplitude of the fluctuations found in the
works [100, 109], although it must be noted that the background cosmology assumed in these
works is that of an Einstein-de Sitter one, whereas we assume a ACDM model. Although a good
approximation for cosmic eras with redshift z = 1, the redshift range explored in these works
is also different from the one studied here, focusing on z < 0.5. Thus, the differences between
our results and these works could be due to a difference in background cosmology and structure
formation, which has different dynamics in matter-only cosmologies.

6.1. Future Research

Our work opens up the possibility of using n-body simulations and Einstein-Boltzmann codes
to model the future detection of the redshift drift with SKA and the ELT. Bigger simulations,
including baryonic effects and using window functions based on the capabilities of the telescopes
used in these surveys could provide accurate predictions for the spectra which future observations
could use to model contaminating effects in measurements of the drift.

Furthermore, the possibility of using measurements of the redshift drift not only as tests
of the late-time acceleration of the Universe, but of cosmic homogeneity and isotropy as well,
is a current research topic. Important work has been done in understanding the behavior of
the redshift drift and its average in LTB universes [91, 100, 109] using EdS backgrounds, with
both n-body simulations and fully relativistic codes. The BEHOMO collaboration has recently
released a set of snapshots of n-body simulations in ALTB cosmologies [117], inhomogeneous
cosmological models including a cosmological constant. Performing measurements of the redshift
drift in such simulations and constraining its contaminating effects could further establish the
drift as an independent test of cosmic acceleration, and distinguishing between the backreaction
hypothesis and the existence of a cosmological constant. This work along with [100] are the first
in an important program to model the redshift drift in realistic cosmologies through simulations,
beyond naive estimations.

Finally, the Sandage-Loeb test is not the only proposal to measure the redshift drift and observe
real-time cosmology for the first time. Measuring the redshift difference due to the gravitational
time delay in images of strongly lensed quasars could provide a measurement of the cosmic drift
at the quasar’s redshift [61, 118, 82, 119, 120]. Proposals for measurements of this instantaneous
redshift difference from strong gravitational lensing observations using Euclid and the James
Webb space telescope have been proposed, although extensive work on the theoretical modeling
of contaminating effects due to lens models and line of sight effects, in the same way as done for
the Sandage-Loeb test in this and other works, is needed in order to properly understand how
gravitational lensing could probe real-time cosmology through the redshift drift. This is another
path for exploring redshift theory and observation.
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APPENDIX A.

Gauge-Invariant Cosmological Perturbations

In this appendix we give the full expression for all gauge-invariant variables used throughout
the text, and the transformation laws of the metric and tensor functions in a linear perturbed
FLRW Universe. For a more detailed account of their derivation we refer to [20].

The main gauge-invariant quantities are the Bardeen potentials ® and ¥, the velocity pertur-
bation V, and the gauge-invariant matter density perturbation D, given in terms of the perturbed
quantities found in chapter 2 by

V =v—Hr, D=6+3(1+w)HV, (A.1)
‘IIZA—HUt—d't, b = —R+H0t. (AQ)

The scalar metric functions transform under gauge transformations parametrized by Lx =
T0, + L'0;, such that under gauge-transformations they are given by

A A+ HT+T

(
B— B—L+3VT (
Hy, - H,+HT —-VL (
(

=P

Hr - Hr+ VL

We also explicit these useful relation between the variables:
1
R - HL - gAHT 5

O't:HT—B s

(A7)
J:—V:HT—'U ; (AS)
(A.9)
V=v—-B—-o; . (A.10)

Note that while 0 = —V is gauge invariant, R and o; are not. The denote the spatial curvature
and the shear on the t = constant hypersurface and therefore depend on the chosen time-slicing.
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APPENDIX B.

Definitions and special functions

In this appendix we provide mathematical definitions for statistical quantities and variables
mentioned throughout the text, as well as the definition of special functions. Rigorous definitions
and theorems can be found e.g. in references [121, 20, 122, 3]

B.1. Statistical Definitions

B.1.1. Random variables and distributions

Given a random variable X, uniquely defined by its probability distribution function (PDF) P(x)
or its probability density p(z) in the positive real numbers Rt

P(X < x) E/$ dz'p(x') , /OO da'p(z’) = 1. (B.1)

— 0o —0o0
one defines its average (X) and variance o, by

+o0
(X) = / dzxp(x) (B.2a)

-
= (X = (X)) = [ dala — (3X))p(a), (B.2b)

—00

A random variable X given by the Gaussian distribution has probability density function,
average and variance given by

p(z) = %6_%(1;“)2 (B.3)
(X) =p,
2 _ 2
ox =0o°.

In the Poisson distribution case, with parameter A, a discrete random variable X has probability
mass function, average and variance given by

ke—)\
p(k) = A T (B.4)

(X) =0y = A (B.5)
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Definitions and special functions Section B.1

The Central Limit Theorem states that for samples X7, Xo, ..., X;, of a random variable X with
average p and positive finite variance o, the distribution of the sample average minus the average
(Xpn) — p with normalized variance o/y/n, converges to the Gaussian distribution with mean 0
and variance 1, also called the Normal distribution.

We can write the statement as [121]

Jn <<X"(>y_“> 2 (0, 1), (B.6)

meaning that the density distribution function p of the random variable v/n((X,,)—pu) converges
to the Normal distribution N (0,1) as n — oo.

The Central Limit Theorem allows one to approximate random distributions with finite vari-
ance and average as a Gaussian distribution for large enough sample sizes. An immediate corollary
is that the Gaussian distribution approximates the Poisson distribution for large enough n.

B.1.2. Multivariate distributions and correlations

Given two random variables X,Y given by probability distribution functions with finite means
px, py and variances ox, oy, we define their covariance Cov(X,Y’) and correlation C(X,Y) as

Cov(X,Y) = (X — px)(Y — py)) = (XY) — pxpy (B.7)
C(X,Y)= CO;’S;Y) = <(X ;X“X) L4 ;Y“Y)> . (B.8)

We note that the correlation C'(X,Y’) is padronized, such that it has image in the set [—1,1]
[121]. For a collection of n random variables X1, ..., X;,, one can define the covariance matrix ¥,
encoding information about the variables joint distribution, by

0X, 0X1Xy - 0X,X1
Y — 0X1Xo 00X, e 00X, Xo (BQ)
0X1X, O0X>X, - JX,

An n-dimensional vector of random variables X = (X3, Xo, ..., X},) is then a vector in R"
where each coordinate is given by a random variable, or equivalently, with coordinates given by
a collection of random variables.

For a given confidence interval Ax? of n measurements X1, ..., Xy, modeled by a collection of
n random variables X7, ..., X,,, the Figure of Merit (FoM) is defined as

1
FoM = Toty A2’ (B.10)
where Y is the covariance matrix of the collection. The figure of merit, in a sense, measures
the significance of the uncertainties on the measured variables, using their joint measurement
uncertainties and the confidence interval. Smaller uncertainties (in this case, variances and
covariances) mean higher figures of merit, as do smaller confidence intervals. It is extensively

used in

A n-dimensional vector of random variables X is called a multivariate gaussian random vector

if its joint probability density p : R™ — R is given by
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I SR G e
p(X) = T dei ) p< 2X by X> (B.11)

This definition allows us to define a gaussian random field by assigning to each point n in a
given space a gaussian random variable X via the map F': S — X : n+— X(n). In the case of
cosmology, we usually take the space S to be the celestial sphere, with direction vector n.

A random field is called gaussian then if for any two vectors n; and ng, the fields X (n;)
and X (ng) have joint probability distribution given by (B.11). The correlation function of such
random fields involves a functional integral and we refer the reader to [20] for a derivation of the
correlation function in the case of statistically homogeneous and isotropic fields, such as the ones
studied in chapter 2.

B.2. Special Functions

In the text we make extensive use of two classes of special functions when dealing with the power
spectra of fields: Legendre Polynomials and spherical Bessel functions. Here we provide a brief
review of their definitions and relations, in particular to the spherical harmonic expansion of
fields on the sphere.

The Legendre polynomials are the set characteristic solutions Py(x) of the Legendre differential
equation

% {(1 - @ii] +LL+1)f =0, (B.12)

where ¢ € N, for each ¢. Legendre polynomials satisfy the Rodrigues formula, where they can
be obtained by the simple expression

1 d
Py(r) = QTE!W(:CQ

The Legendre polynomials form a complete orthogonal set of polynomials, satisfying the or-
thogonality relation

-1 (B.13)

1 |
/ P(2) Pon(2)dz — {0’2 it 7 m (B.14)

-1 0FT iftl = m.

The Bessel functions of the first kind are a set of functions that form a solution space to the
Bessel ordinary differential equation

f 1df m?
d%+xm+<“iﬂ>7 (B.15)
where m € R, and the solution is written
f(@) = c1dm(z) + c2 (), (B.16)

where c¢q, co € R. The Bessel functions of the first kind satisfy the recurrence relations
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2m

Im+1(x) + Im—1(x) = 7Jm<$)’ (B.17)
dJy, (T
Jm+1(IL‘) — Jmfl(l') = -2 d ( ), (B.18)
x
and, given m € Z, satisfy the formula

1d\™
Im(x) =2 | ——— | Jo(x). B.19
@ = (-0 h (B.19)

Again for integer m, the following relation for vectors k and x, with k - x = kasin(6) is
extensively used:

kX — Z e I (k). (B.20)

m=—0Q0

The spherical harmonics of order 4, are the fundamental solutions of the spherical part Y (6, ¢
of the EDP

(A+L(L+1))[R(r)Y(6,9)] =0, (B.21)

where the Laplacian operator A is given in spherical coordinates. The solutions can be given
explicitly by

Yo (6, ¢) = \/%Wm)!Pe (cos §)e"™?, (B.22)
where we note the relation with expansion (B.20) in the above expression.
The spherical Bessel functions are solutions to the Bessel equation (B.15) with half integer
coefficients m = ¢ + 1/2, such that solutions are of the form

J, J_o_
e+1/2(l‘) Oy L 1/2(170).

y(@) = 2172 212

(B.23)

The spherical Bessel functions are then defined, with normalization factor y/2/m

Je(z) = /)22 141 /2(2), (B.24)

for £ € Z. In the £ = 0 case we have jo(z) = sin(x)/z, and we obtain the simple formula , as
in the Bessel case,

Jo(x) = (_%%)e (sinx(x)) '




APPENDIX C.

Constants, Numerical Values and Conversion
Factors

In this appendix we provide tables with the numerical values and parameters used throughout
the text, mainly in the numerical implementation of the redshift drift power spectrum and n-body
simulations.

As the gadget4 code works with internal code units, one needs to convert from internal units
to physical units and then map these fields to the physical fields found in equation (4.25) through
the conversion factors. We list the conversion factors and units used throughout the paper in the
following table, and refer the reader to the gadget4 documentation at

for a comprehensive list of the conversion factors.

Furthermore, the CLASS code outputs the angular power spectra of fields X using the con-

vention

WD g (5(62; 1>> 47T/CZ“|A§(/<;,Z)|, (1)

where |A2(k, z) is given by the |F|? in expression (5.1).

Parameter | Value Units

o 0.022383 h~2

Qcpm 0.12011 h—2

h 0.7 10~2km/s/Mpc
Ag 2.100549 - 1077 | -

ng 0.9660499 -

Zeq 3387 -

Keq 0.010339 h/Mpc

Table C.1.: Planck 2018 data release best fit values for ACDM.
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Section C.0

Parameter | Value Units
Nparticles 10247 -

Mpart 1010 Mg
Box Size | 1-103 Mpec
Grid Size 1024 -

Esoft 0.024 h/Mpc
QO 0.022383 | h~2
Qcpm 0.12011 | h™2

h 0.687 1072 km/s/Mpc
ng 1 -

Zeq 3387 -

keq 0.010339 | h/Mpc
g8 0.8 -

Az 0.05 -

Table C.2.: Parameters used to generate the n-body simulation and numerical spectra through
Einstein-Boltzmann solvers.

Simulation field [gadget4 units] | Physical field [physical units] | Conversion factor
h[10~2km/s/Mpc] H [km/s/Mpc] 1072
v [em/s] v [km/s] 1075 - g1/?
alkm?/s?/(Mpc/h)) v + Hv [km/s?/Mpc] h-(km/s)~1

Table C.3.: Fields given in simulation units and physical units, and conversion factor from sim-
ulation to physical units.



APPENDIX D.

n-body simulation validation and approximations
for Power Spectra

D.1. Approximations
D.1.1. Limber

The Limber approximation makes use of the fact that the spherical Bessel functions j;(x) peak
around z = (¢({+ 1))1/2 ~U+1/2 [12‘%] For large ¢, this peak is even more pronounced such that

one may take jy(z 1, ./ ”1/2 §(x—L£—1/2), such that, for a function f(k) = [ da’ f(z')je(ka'),

we have
/dkf //dk:dmf Nie(ka') ~ /Odkf(éqt;). (D.1)

This approximation has been used extensively on scales ¢ 2> O(10) for cosmological angular
correlations, including in CLASS [41].

D.1.2. Flat sky

In the flat-sky approximation we assume that we are observing a small enough area of the sky
such that the curvature of the celestial sphere can be neglected. More precisely, we substitute
the spherical coordinates over the whole celestial sphere by

n=r(z2)0,¢9) — e, =1r(z)(x,y), (D.2)

where e, is the unitary vector in a given coordinate in the simulation box, assumed to be the
observer or survey reference direction, and (x,y) are 2D coordinates in the plane perpendicular
to e,. For small scales, this approximation is very accurate, as smaller areas of the sky are less
affected by curvature effects. In this approximation, the modes ¢ are conjugate to the coordinates
a = (x,y), such that they are related by a 2D Fourier transform. In [115] the authors show
that the accuracy for self correlations and modes ¢ > 2 at a given redshift is within 0.3% of
the numerical accuracy of the CLASS code for galaxy number counts, well beyond the needed
accuracy for the derived Power Spectra in our work.

D.2. Validation

We validate our simulations against the Einstein-Boltzmann solver at both linear and nonlinear
level using the halofit routine implemented in CLASS. To do so, we derive the matter power
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Figure D.1.: Matter power spectra for redshifts z = 0.5,1, 2. In the figures we compare three
routines agains the power spectra obtained from the gadget4 simulations: using
the halofit routine found in pylians, using the halofit routine found in CLASS and
using the linear matter power spectrum from CLASS, which is given as input for

the halofit in the pylians routine.

spectra from the simulation using the same prescription as used for the redshift drift power
spectrum in chapter 5, with snapshots at redshifts z = 0.5, 1,2, calculate the matter power
spectrum using the halofit routine found in the pylians library, and test them against the linear
and nonlinear matter power spectra derived from CLASS. We plot the results in figure D.1. The

curves obtained from the simulations match the expected behavior.

To validate the routines we use to calculate the angular power spectra (5.7) using the FFTlog-and-beyond

python library and the CLASS implementation, we also test the angular power spectrum of den-
sity counts against the linear and nonlinear galaxy number count angular power spectrum from
CLASS, by using the same window function and redshift slice. We also plot the Limber approxi-
mation as a consistency check for the angular power spectra derived from gadget. The results are
shown in figure D.2. The curves all match the expected behavior at linear and nonlinear scales.
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Figure D.2.: Angular power spectrum of matter for redshifts z = 0.5, 1, 2. The power spectra are

calculated in three different ways: using the CLLASS code linear and halofit routines,
and using the FFTlog routine to obtain the angular spectra from the matter power
spectrum. We also include the Limber approximation.
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